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Abstract

In stochastic optimisation, a decision has to be made that minimises the costs, where the costs are subject
to uncertainty due to the influence of external random variables. If a decision is made based on the
average costs, then it is likely that the realised costs end up being greater, which is undesirable. The
difference between the average and realised costs can be extreme when the source of this uncertainty
comes from heavy-tailed distributions.

In distributionally robust optimisation (DRO), a worst-case distribution is determined based on the data.
Under this worst-case distribution, the mean costs should be pessimistic to avoid disappointment. Two
popular methods to determine the worst-case distribution are the Kullback-Leibler (KL) divergence and
the Wasserstein metric. To determine which of these two methods works better when the costs follow a
heavy-tailed distribution, three applications are studied: mean estimation, wind electricity nomination,
and portfolio selection. Based on the results in these applications, we conclude which method works
best in a heavy-tailed environment.

In mean estimation, we analyse different robust estimation methods on their probability of over- and un-
derestimating themean profit of a shifted Pareto distribution. The results show that both theWasserstein
DRO and sample mean with tolerance overestimate the mean profit, which would lead to disappoint-
ment. Variance regularisation and Kullback-Leibler DRO rarely overestimate the mean profit, but KL is
less conservative than variance regularisation when the tails are extremely heavy.

In wind nomination, the decision-maker should determine howmuchwind power they expect to deliver
the next day. When less power is supplied than nominated, a fine must be paid for the difference, called
the up-regulation price. These prices can be extreme and follow a possibly heavy-tailed distribution. We
use Finnish wind data to calculate the profit over a period of 4 years, where one season had particularly
highly varying fines. In this season, both Wasserstein and KL outperform the Sample Average Approxi-
mation (SAA) by more than 20%. KL provided more protection in the season with extreme fines, while
Wasserstein was more profitable in the remaining seasons. A third method, Holistic Robust (HR) DRO,
is used as a mix between KL and Wasserstein with similar protection against extreme fines but without
losing as much profit in the rest of the year.

In the final application, the goal is to select assets such that the probability of earning more than the risk-
free rate is maximised. A series of assets are generated from two heavy-tailed stochastic processes called
Jump Diffusion and Variance Gamma. The Fourier cosine expansion is used to estimate the density,
which keeps the mathematical program continuous instead of a mixed integer program. For different
values of the risk-free rate, the KL DRO showed higher or equal probability of achieving more than the
risk-free rate than SAA and Wasserstein. From the dual formulation, it becomes clear that the Wasser-
stein method is penalised for high weights, which is undesirable when a certain asset returns more than
the risk-free rate. Where KL puts 100% of the resources in the most profitable stock, Wasserstein only
commits 42% and therefore has both lower returns and the probability to exceed the risk-free returns.

These experiments suggest that KL works better than Wasserstein when the data is directly generated
from a heavy-tailed distribution, such as in mean estimation or portfolio selection. When the data is gen-
erated by the real world, the data is susceptible to noise and can distort the sample before we actually see
it. In that case, Wasserstein works well, but other methods like HR DRO are designed to work optimally
in that scenario and numerical results confirm this.
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Chapter 1

Introduction

1.1 Background
Stochastic optimisation is used as a framework to solve problems where decisions have to be made un-
der uncertainty. The type of uncertainty should determine which stochastic optimisation method is ap-
propriate. One type of uncertainty is the inability to understand dynamic and interconnected systems.
Such systems can lead to black swan events, a term coined by Nassim Taleb [1] for the inherently un-
predictable, low-probability, but highly impactful events. These events are sometimes mathematically
modelled as the outliers of a heavy-tailed distribution.

A decision-maker has to be prepared for such outliers if they are operating with heavy-tailed distribu-
tions. This anticipation is a challenge since the distribution is unknown and outliers are, by definition,
rare. In this research, we study distributionally robust optimisation (DRO), which assumes no knowl-
edge about the distribution. Thismakes it a natural framework in heavy-tailed environments and is there-
fore the topic of this research.

In this research, we work on problems that can be formulated as a classical stochastic optimisation prob-
lem

min
x∈XEP[ℓ(x ,ξ)]. (1.1)

In this problem, x is the decision variable with feasible set X, we call x∗ = argmin{EP[ℓ(x ,ξ)] : x ∈ X}
its optimiser, and ξ is a random variable that models a possible scenario with support Ξ ⊆ Rd . The loss
function ℓ : X × Ξ → R, when evaluated, is random due to the input of ξ. In (1.1), the expectation is
evaluated under an unknown measure P, possibly corresponding to a heavy-tailed distribution.

A naive approach would be to replace the unknown P with the empirical distribution

P̂N =
1
N

N∑
i=1

δξi
, (1.2)

with δz the Dirac measure with mass at z and ξ1, ...,ξN are N samples from the original distribution. On
average, this approach leads to the disappointment of underestimating the costs, since

E

h
min
x∈XEP̂N

[ℓ(x ,ξ)]
i
≤ E

�
EP̂N
[ℓ(x∗,ξ)]

�
= EP[ℓ(x

∗,ξ)], (1.3)

which is known as the optimiser’s curse [2]. This disappointment is a result of in-sample optimisation
and evaluation. In this case, we ignore out-of-sample scenarios to evaluate the loss. The optimiser’s
curse is not a phenomenon that occurs only for heavy-tailed distributions, but finite samples of these
distributions often fail to include extreme events.

1.2 Problem
Instead of optimising over P̂N , we can choose a worst-case probability measure Q to evaluate the ex-
pectation. This measure should be similar to P̂N , but with more mass on the pessimistic scenarios. We
quantify this similarity with the function D : P×P→ [0,∞), which can be informally interpreted as the

Applications of Distributionally Robust Optimisation in Heavy-Tailed Environments 1



CHAPTER 1. INTRODUCTION

distance between two probability measures. Using D, we define the DRO problem with radius ϵ > 0

min
x∈X max

Q∈P EQ [ℓ(x ,ξ)] ,

s.t. D(P̂N ,Q)≤ ϵ. (1.4)

In this problem, we do not minimise w.r.t. P̂N . Instead, we find Q that maximises the expected loss, but
is at most ϵ away from P̂N .

Different choices of D lead to different worst-case distributions. Van Parys et al. [3] show that the worst-
case distribution based on the Kullback-Leibler (KL) divergence is less pessimistic than any other alter-
nativemeasure, under the condition of aminimal disappointment probability. In the literature, however,
most of the applications are focused on the worst-case distribution based on the Wasserstein metric [4].
One of the reasons for choosing the Wasserstein metric is provided in Aolaritei et al. [5]: “KL divergence
requires absolute continuity between distributions, which precludes modelling black swan events lying outside the
support of P̂N that represents normal operating conditions”. In other words, they argue that the Wasserstein
method allows for possible worst-case distributions where the support of P̂N is expanded and therefore
might include black swan events, while this is not possible for KL divergence methods.

Now the question arises: which DRO variant is more effective when the scenarios are from a heavy-tailed
distribution? Does the inability of KL to put mass at black-swan events hold? In practical applications,
does the ability to enlarge the support outweigh the optimal disappointment probability, as described in
Aolaritei et al. [5] and Van Parys et al. [3] respectively?

1.3 Outline
The rest of this chapter is dedicated to the related literature on DRO and heavy-tailed distributions,
specifically regularly varying distributions and some of their properties. In the DRO section, we cover
three DRO variations: Wasserstein, Kullback-Leibler, and Holistic Robust. The first two methods are
used in Chapter 2 and Chapter 4, and all of them are used in Chapter 3.

The remaining parts of the report are structured as follows. In Chapter 2, we use various robust esti-
mation methods to find a mean estimator that does not overestimate the mean of a heavy-tailed random
variable. In that chapter, we present a closed-form solution to theWasserstein robust estimation problem,
which was developed independently of Van Parys and Zwart [6]. In Chapter 3, we cover the nomination
problem for wind electricity generation, which is similar to the news-vendor problem. In Chapter 4, we
will study a robust portfolio selection problem with DRO. When writing these application chapters, the
aim was to make them self-contained with references to the related literature as substantiation. If the
reader is interested in a specific application, it is possible to read the related chapter in isolation.

Finally, in Chapter 5 we summarise the results and answer the question stated in the previous section.
We also make some recommendations for future research.

1.4 Related literature
The goal of this section is to give the reader a summary of the related literature where the theory is
discussed in a generic way. The application of this theory is discussed in later chapters with references
to this section as described in the Outline.

Notation We write R as the real line with R+ as the positive real numbers. We denote the natural loga-
rithm of z as log(z). For any N ∈ N, we denote the set {1, ..., N} = [N]. We use ξ as the random variable
that describes the scenarios. We write N random samples from ξ as ξ1, ...,ξN and use a tilde ξ̃i to denote
the outcome of the ith sample. Any arbitrary probability measure is denoted as Q, which can vary in
meaning. The measures P and P̂N are reserved for the true underlying unknown probability measure
and the empirical measure, respectively. We denote the expectation as EQ[ξ] =

∫
zdQ(z) and the vari-

Applications of Distributionally Robust Optimisation in Heavy-Tailed Environments 2



CHAPTER 1. INTRODUCTION

ance as VQ(ξ). Any set of probability measures is written calligraphically; for example PΞ is the set of
probabilitymeasureswith supportΞ. Furthermore, a function f (x) = O (g(x)) if limsupx→∞ f (x)/g(x)<
∞ and f (x) = o(g(x)) if limx→∞ f (x)/g(x)→ 0.

1.4.1 Distributionally Robust Optimisation
We assume that the probability measure P of the scenario ξ is unknown, and previous research has
been devoted to coming up with a suitable alternative that does not underestimate the expected loss. As
described before, the empirical distribution does not suffice since this will lead to systematic underesti-
mation of the costs in out-of-sample scenarios. However, we can utilise that, in the space of probability
distributions PΞ with support Ξ, the location of the empirical distribution will be ‘close’ to the location
of P.

The exact definition of ‘close’ depends on how we define the similarity between two distributions. For
example, we may define ‘close’ with the Scarf similarity between two probability measures

DScarf(Q1,Q2) =

¨
0 if EQ1

[ξ] = EQ2
[ξ] and EQ1

[ξ2] = EQ2
[ξ2]

∞ otherwise,
(1.5)

where DScarf(Q1,Q2) = 0 means the two distributions, Q1 and Q2, have exactly the same first two mo-
ments. This similarity of probability measures was presented in the 1957 article of Scarf et al. [7], which
is credited as the first DRO paper. In this paper, the problem

min
x∈X max

Q∈PΞ
�
EQ[ℓ(x ,ξ)] : DScarf(P̂N ,Q) = 0

	
(1.6)

is defined. Here, for all x ∈ X, the expected loss ismaximised using aworst-case distributionQ. However,
we cannot choose any distribution for Q, but only distributions that have the same first two moments as
the reference distribution P̂N (i.e., the mean and variance between Q and P̂N should be equal). This
restricted set of possible probability distributions {Q ∈ PΞ : DScarf(P̂N ,Q) = 0} is called the ambiguity set.

Other DROmethods have followed the same structure as Scarf’smethod. Eachmethod has a correspond-
ing similarity score D : PΞ × PΞ → [0,∞) that defines, for all reference probability measures Qref ∈ PΞ
and ϵ ≥ 0, an ambiguity set AD(Qref) = {Q ∈ PΞ : D(Qref,Q) ≤ ϵ} where the parameter ϵ determines the
size of the ambiguity set.

An example of this structure is visualised in Figure 1.1, where P̂N is the reference distribution. All proba-
bilitymeasureswith similarity ϵ from P̂N areworst-case distribution candidates. In this figure, the actual
probability measure P is in this set.

AD( ˆ
N)

ˆ
N

D( ˆ
N, ) ε

Figure 1.1: An example of the ambiguity set AD(P̂N )1

1This figure was made with help from Claude Sonnet 4.6. The description of the image was created fully by the author. Claude
provided the code to create the image. The code was later tweaked by the author.
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CHAPTER 1. INTRODUCTION

Since we have covered the concept of the ambiguity set, we can define the general DRO problem as

min
x∈X max

Q∈AD(Qref)
EQ[ℓ(x ,ξ)], (1.7)

with Qref as reference distribution and Q the worst-case distribution. This min-max problem means that
we find the minimum under the worst-case distribution. Now suppose P ∈ AD(Qref), then we know, by
the definition of the inner maximisation problem, that for all x ∈ X,

EP[ℓ(x ,ξ)] ≤ max
Q∈AD(Qref)

EQ[ℓ(x ,ξ)] (1.8)

and therefore the estimated loss cannot disappoint. However, the event thatP ∈AD(Qref) depends highly
on the similarity score D. In the next sections, we will discuss three different variations of DRO that use
different similarity scores, namely Wasserstein, Kullback-Leibler and the Holistic Robust DRO.

1.4.1.1 Wasserstein DRO
One of the metrics that can be used is the Wasserstein distance. This distance between two probability
distributions Q1,Q2 ∈ PΞ describes the minimum cost to transport (probability) mass within the distri-
bution of Q1 to create the distribution of Q2. Formally, the p-Wasserstein distance is defined as

DWp
(Q1,Q2) =

�
inf

γ∈Γ (Q1,Q2)

∫
Ξ2

‖z1 − z2‖ppdγ(z1, z2)

�1/p

(1.9)

with corresponding ambiguity set AWp
(Qref) = {Q ∈ PΞ : DWp

(Qref,Q) ≤ ϵ} [8]. The cost function to
transport the probability mass is the p-norm, for all z ∈ Rd , ‖z‖pp =

∑d
i=1 |zi |p, and Γ (Q1,Q2) is the set of

probability distributions with marginals Q1 and Q2. The hyperparameter ϵ is called the budget, which
restricts the ambiguity set to probability distributions that can be created with less than ϵ total cost. If
ϵ = 0, then the ambiguity set will reduce to the singleton AWp

(Qref) = {Qref}. If we increase ϵ, then the
size of AWp

(Qref) increases as well.

Concretely, for all x ∈ X, sample realisations {ξ̃1, ..., ξ̃N}, and using P̂N as reference distribution, then the
inner maximisation problem of (1.7) can be rewritten as the dual

max
Q∈AWp (P̂N )

EQ[ℓ(x ,ξ)] =

 inf
λ≥0, s∈RN

λϵ + 1
N

N∑
i=1

si ,

s.t. ℓ(x ,ξ′)−λ‖ξ′ − ξ̃i‖p ≤ si ∀ξ′ ∈ Ξ ∀i ∈ [N].
(1.10)

If we assume that ξ 7→ −ℓ(x ,ξ) is a proper2, convex, and lower semicontinuous function and Ξ ⊆ Rd is
convex and closed, then Esfahani and Kuhn [8] have shown that the semi-infinite program from (1.10)
can be rewritten into the tractable program

inf λϵ +
1
N

N∑
i=1

si ,

s.t. [−ℓ(x , ·)]∗(zi − vi) +σΞ(vi)− z>i ξ̃i ≤ si ∀i ∈ [N],
‖zi‖∗ ≤ λ ∀i ∈ [N],
λ ≥ 0, s ∈RN , z ∈RN×d , v ∈RN×d ,

(1.11)

2A reminder of some definitions:
• Proper function: a function f : Rd → R̄ is proper if f (z)<∞ for at least one z and f (z)> −∞ for all z ∈Rd .
• Convex set: A set K ⊂Rd is convex if ∀z1, z2 ∈ K and any θ ∈ [0,1], θz1 + (1− θ )z2 ∈ K .
• Convex function: Let K ⊂Rd be convex. Then f : Rd → R̄ is convex if ∀z1, z2 ∈ K and θ ∈ [0,1],

f (θz1 + (1− θ )z2)≤ θ f (z1) + (1− θ ) f (z2).

• Lower semicontinuous function: a function f : Rd → R̄ is lower semicontinuous if for all z0 ∈Rd ,

f (z0)≤ lim inf
z→z0

f (z).

Applications of Distributionally Robust Optimisation in Heavy-Tailed Environments 4



CHAPTER 1. INTRODUCTION

with convex conjugate [−ℓ(x , ·)]∗(z) = supξ′∈Ξ〈z,ξ′〉 − (−ℓ(x ,ξ′)) = supξ′∈Ξ〈z,ξ′〉+ ℓ(x ,ξ′), support func-
tion σΞ(z) = supξ′∈Ξ〈z,ξ′〉 and dual norm ‖z‖∗ = sup‖ξ′‖p≤1〈z,ξ′〉. Under these assumptions, the authors
also show that strong duality holds.

An advantage of theWassersteinmethod is the ability to expand the support of the reference distribution
[8]. As described in Rahimian and Mehrotra [4], the reference distribution is often chosen as P̂N which
has support Ξ̂N = {ξ̃1, ..., ξ̃N}. If the decision maker would choose PΞ := PΞ̂ in a practical setting, then
the ambiguity set would consist of distributions that only have mass at the points in Ξ̂N . However, one
may define the support as an interval Ξ̄N := [min Ξ̂N ,max Ξ̂N ] and use PΞ := PΞ̄ for the set of probability
distributions, which is called ‘Wasserstein relaxation’. Then clearly P̂N ∈ PΞ̄, but the resulting worst-case
distribution is not restricted to the same support as P̂N . This interval Ξ̄N could be made even larger by
decreasing and increasing the lower and upper bounds of Ξ̄N , respectively. Increasing the size of Ξ̄N

increases the possibility that the actual distributionP ∈AWp
(P̂N ) and therefore reduces the possibility of

disappointment.

A disadvantage of the Wasserstein method is the lack of statistical guarantees for heavy-tailed distri-
butions. Both Esfahani and Kuhn [8] and Blanchet et al. [9] rely on thin-tailed distributions for their
analysis. As shown in Van Parys and Zwart [6], for mean estimation of a heavy-tailed distribution,
Wasserstein DRO has the same statistical guarantee as the sample mean (see Section 2.2).

1.4.1.2 Kullback-Leibler DRO
Instead of the Wasserstein distance, we can use the relative entropy as a similarity score. The relative
entropy is also known as the Kullback-Leibler divergence [10] and is defined as

DKL(Q1,Q2) =

∫
log

�dQ1

dQ2

�
dQ1, (1.12)

for allQ1�Q2 and +∞ otherwise. Unlike the Wasserstein distance, the KL divergence is not a distance
or a metric since KL is not symmetric. For this reason, we talk about the ‘similarity’ of measures instead
of a metric distance. The KL ambiguity set is defined as AKL(Qref) = {Q ∈ PΞ : DKL(Qref,Q) ≤ ϵ} where
hyperparameter ϵ ≥ 0 determines the size of the ambiguity set. When ϵ = 0, then AKL(Qref) = {Qref}
since DKL(Qref,Q) = 0 if and only if Qref = Q. Now we define the KL inner-maximisation problem from
(1.7), using P̂N as reference distribution, as

max
Q∈PΞ

EQ[ℓ(x ,ξ)]

s.t. DKL(P̂N ,Q)≤ ϵ. (1.13)

There are several dual representations of this maximum problem [3, 4, 11]. We will use the formulation
from Bennouna et al. [12]

inf
∑

i∈[N]
wi Qref

�
ξ̃i

�
+λ(ϵ − 1) +η,

s.t. wi ≥ λ log

�
λ

η− ℓ �x , ξ̃i

�� ∀i ∈ [N],
η ≥max

ξ′∈Ξ ℓ(x ,ξ′),

w ∈RN , λ ≥ 0, η ∈R .

(1.14)

Note that in (1.13), the reference distribution in the first argument stays fixed, and we optimise over
the second argument. This direction is in contrast to other sources [4, 11] where the second argument
stays fixed. This leads to a different worst-case distribution as DKL is not symmetric. Both Rahimian and
Mehrotra [4] and Sun and Conejo [11] call the formulation of (1.13) the Burg Entropy.
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Furthermore, when evaluating DKL(P̂N ,Q) for any Q ∈ PΞ, we need absolute continuity P̂N � Q, which
means thatQmust havemass whenever P̂N has mass. However,Q is allowed to havemass outside of the
support of P̂N . This is in contrast to what is stated in other literature [5, 11]. They have possibly reversed
the inputs of KL, with the assumption Q� P̂N . In that case, Q is dominated by P̂N : whenever P̂N has 0
mass, Q must also have 0 mass. For this reason, the support can not be extended like Wasserstein when
evaluating DKL(Q, P̂N ), but the support can be extended when we consider DKL(P̂N ,Q).

The reason to use the formulation in (1.13), is the relation with large deviation theory. With large devi-
ation theory, this direction of KL DRO is proved to be optimal under the condition of an exponentially
decaying disappointment probability [3]. Let ξ = (ξ1, ...,ξN ) be a random vector of N i.i.d. samples
following the same distribution as ξ. Let PN be the probability measure of random vector ξ such that
PN (ξ = z) =

∏N
i=1 P(ξi = zi). Then Sanov’s theorem tells us that for every Borel set B ⊆ P, we have the

asymptotic upper bound

limsup
N→∞

1
N

logPN
�
P̂N ∈B

�≤ − inf
Q∈BDKL(Q,P). (1.15)

This bound means that the probability of P̂N ∈ B decreases exponentially with rate −N infDKL(Q,P). By
using Sanov’s theorem, the following exponentially decaying upper bound can be constructed

PN (P̂N ∈B)≤ exp
�
−N inf

Q∈BDKL(Q,P) + o(N)
�

, (1.16)

when N is large. By choosingB carefully, this upper bound can be used as a disappointment probability
upper bound, which is exactly what Van Parys et al. [3] have done.

Let ϵ > 0 and define Q̂(x ,Qref) = argmax{EQ[ℓ(x ,ξ)] : Q ∈ PΞ,DKL(Qref,Q) ≤ ϵ} as the worst-case prob-
ability distribution based on x ∈ X and reference distribution Qref. Then the set of disappointing prob-
ability distributions is defined as Π(x ,P) = {Qref ∈ PΞ : EP[ℓ(x ,ξ)] > EQ̂(x ,Qref)

[ℓ(x ,ξ)]}. This set can be
interpreted as the set of all reference distributions that would lead to an underestimation of the loss if
they would be used as reference distributions. It would be undesirable if P̂N ∈ Π, since it is a natural
reference distribution. Now, the authors of [3] show that, selecting B= Π(x ,P) for (1.15), results in

limsup
N→∞

1
N

logPN
�
P̂N ∈ Π(x ,P)

�≤ −ϵ, (1.17)

which leads to an exponentially decaying disappointment probability as N increases. Furthermore, any
other worst-case distribution that results in an estimate that is less conservative than the KL DRO leads
to an increase in disappointment for out-of-sample predictions [3]. This makes KL DRO optimal and P̂N
the natural reference distribution.

1.4.1.3 Holistic Robust DRO
The KL DRO protects optimally against the error that comes from the uncertainty of working with a
sample, also known as statistical error. However, if the empirical distribution has been shifted away from
P, then this optimilaity will not hold. For example, if the distribution is shifted such that P̂N has mass
where P does not, then P̂N would be biased. A way to solve this problem is by using the Holistic Robust
(HR) DRO [12]. The HR DRO is designed to be robust to three different types of error: statistical error,
noise error, and misspecification error. HR DRO assumes that a sample taken from the true distribution
P gets corrupted by noise and misspecification. For example, this noise could be white noise on top of
a signal, and the misspecification could be an incorrect registration of a data point that was manually
entered.

Consider the process visualised in Figure 1.2. Let P̃N be the distribution after sampling from the un-
known P. Then this distribution gets corrupted by applying noiseN (for example the ballN = {z : ‖z‖ ≤
ϵ}with ϵ ≥ 0), andmisspecifying at most α ∈ [0,1] of the data, which results in the observed P̂N . We use
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True Distribution
P

Empirical dis-
tribution P̃N

Corrupted empiri-
cal distribution P̂N

sample noise and misspecification

KL divergence
≤ r

LP distance
≤ α

Figure 1.2: A schematic overview that shows the process from the true distribution to the distribution
observed by the decision maker. Source: Bennouna et al. [12].

KL to protect against sampling error and we will use the Lévy-Prokhorov (LP) metric to protect against
noise and misspecification. The LP metric is defined as

LPN(Q1,Q2) = inf
γ∈Γ (Q1,Q2)

∫
1{z1 − z2 6∈N}dγ(z1, z2) ∀Q1,Q2 ∈ PΞ. (1.18)

The ambiguity set is defined as AHR(Qref) = {Q ∈ PΞ : ∀P̃N ∈ PΞ, LPN(Qref, P̃N ) ≤ α, DKL(P̃N ,Q) ≤ r} for
r ≥ 0. Note that LPN, just like Wp, is an optimal transport problem where the cost function ‖z1 − z2‖p is
replaced by 1{z1− z2 6∈N}, which is 1 if the mass is moved outside of noise set N and 0 otherwise. In the
case where N = {z : ‖z‖1 ≤ ϵ}, at most α mass can be moved more than ϵ away and at least 1− α of the
mass will be moved within range ϵ.

Using AHR in the inner maximisation problem of (1.7), we have the following strong dual [12]

inf
∑

i∈[N]
wi Qref

�
ξ̃i

�
+λ(r − 1) +η+ βα,

s.t. wi ≥ λ log

�
λ

η− ℓN �x , ξ̃i

�� ∀i ∈ [N],

wi ≥ λ log

�
λ

η−maxξ′∈Ξ ℓ(x ,ξ′)

�
− β ∀i ∈ [N],

η ≥max
ξ′∈Ξ ℓ(x ,ξ′),

w ∈RN , λ ≥ 0, β ≥ 0, η ∈R,

(1.19)

with inflated loss function ℓN(x ,ξ) = max{ℓ(x ,ξ − z) : z ∈ N,ξ − z ∈ Ξ}. Note that this formulation is
similar to Equation 1.14, since HR is an extension of KL.

The HR DRO protects holistically against multiple types of errors; however, specific parameter choices
allow us to reduce themodel to other DROmethods. When r > 0,N = {0} and α= 0, HRDRO reduces to
KLDRO, and the dual from (1.19) becomes the dual formulated in (1.14) as ℓN becomes ℓ. Furthermore,
choosing r = 0 with arbitraryN and α > 0 gives LP DRO, and choosingN = {z : ‖z‖ ≤ ϵ}with both r = 0
and α= 0 results in W∞ DRO [12]. For this reason, we can see HR DRO as a combination of KL, LP and
W∞ DRO.

1.4.2 Heavy-tailed distributions
Heavy-tailed distributions are a common class of distributions that arise in a variety of fields. These are
distributions whose tail decreases slower than the tail of a normal distribution. Unlike the normal dis-
tribution, where all moments are finite, the heavy-tailed distribution moments can be infinite due to the
presence of large outliers, sometimes referred to as black swans [1]. If certain moments are infinite, then
assumptions of standard statistical inference methods, such as the finite variance for the Central Limit
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Theorem (CLT) and the Gauss-Markov theorem3, are violated. Even estimating the mean of a distribu-
tion, the most basic inference there is, will be over- or underestimated by naive methods. Furthermore,
non-parametric models will be unreliable for finite samples since data about the outliers is, by definition,
rare [13]. Nevertheless, heavy-tailed distributions themselves are not an outlier. Many mechanisms can
result in heavy-tailed distributions, such as the generalised CLTwhen the secondmoment is infinite [14].

One subset of heavy-tailed distributions is called regularly varying distributions. We define a regularly
varying distribution F by means of its right tail function F̄(z) = 1− F(z) = P(ζ > z) where ζ ∼ F . Now,
if F is a regularly varying distribution and ζ is a regularly varying random variable, then there exists a
ρ > 0, such that for all c > 0,

lim
z→∞

F̄(cz)
F̄(z)

= c−ρ. (1.20)

We call ρ the tail index. Equivalently, we can write F̄ in terms of a function L

F̄(z) = L(z)z−ρ (1.21)

where L is slowly varying, which means that L(cz)/L(z)→ 1 as z→∞.

A property of regularly varying distributions is that most of the moments are infinite (some are even
undefined). To be exact, suppose ζ is a regularly varying random variable with tail index ρ > 0, then for
all k ∈R+,

E
�
ζk
�
<∞ if 0≤ k < ρ,

E
�
ζk
�
=∞ if k > ρ,

(1.22)

which is Theorem 2.14 from Nair et al. [14]. The case were ρ = k is omitted since the result depends on
the slowly-varying function L. For large ρ, this will not have a significant effect. But when 2 < ρ < 4,
we already have infinite kurtosis and therefore the variance V(σ̂2

N ) =∞ with σ̂2
N the sample variance

estimate

σ̂2
N =

1
N

N∑
i=1

(ζi − µ̂N )
2, (1.23)

with µ̂N = EP̂N
[ζ]. As a consequence, the sample variance is still asymptotically consistent, but with

a slower convergence rate than O
�
N−1/2

�
. Decreasing ρ gives more problems. When ρ < 3, we have

that the Berry-Esséen4 bound does not apply [15]. When ρ < 2, the CLT fails to converge to a normal
distribution. And when ρ < 1, the mean is uninformative, and therefore the Law of Large Numbers is
inapplicable.

A characteristic of regularly varying distributions is the overestimation of the sample mean. Suppose
ρ > 1, c > 0 and ζ is a nonnegative random variable, then from Van Parys and Zwart [6], we have

PN (µ̂N > E[ζ] + c) = N P(ζ ≥ cN)(1+ o(1)). (1.24)

This overestimation comes from the fact that the sample is likely to contain outliers. A single outlier
greater than cN will pull the sample mean away from the theoretical mean, which causes an overestima-
tion of the mean.

3The Gauss-Markov theorem states that the ordinary least squares estimator is the estimator with the lowest variance from the
class of unbiased linear estimators under the assumption that the residuals have equal and finite variance.

4The Berry-Esséen Theorem states the following. Let F̂N be the distribution function of the normalised sample mean of i.i.d.
samples and Φ the standard Gaussian distribution function. There exists a C <∞ such that for all x and N , |F̂N (x) − Φ(x)| ≤
Cκ(σ3pN)−1 with κ <∞ the absolute third moment.
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1.4.2.1 Consequences for DRO
Clearly, the DRO proposed by Scarf et al. [7] is not a good variation for heavy-tailed distributions as the
moments can be infinite or undefined. The same can be said for Wasserstein-2 DRO. Villani [16] writes
Wp(P̂N Q) <∞ if and only if measure Q has finite p-moments. This makes Wasserstein-2 unsuitable
when P is heavy-tailed with ρ < 2. Therefore, when dealing with heavy-tailed distributions, the 1-norm
is most suitable as cost function, which only assumes finite mean.

KL is based on Sanov’s theorem, which does not require finite moments [3]. Therefore, KL is applicable
for heavy-tailed distributions.

1.4.2.2 Pareto distribution
An example of a heavy-tailed distribution is the Pareto distribution, arguably the most famous heavy-
tailed distribution due to its connection with the well-known ‘80/20’ Pareto principle. If ζ ∼ F is Pareto
distributed, then

F̄(z) =

(�zmin

z

�ρ
if z ≥ zmin,

1 if z < zmin,
(1.25)

with tail index ρ > 0 and positive zmin such that the support Ξ = [zmin,∞). Clearly this distribution is
regularly varying as L(z) = zρmin is constant.

For the Pareto distribution we have k-th moments

E[ζk] = ρzk
min
ρ−k if ρ > k,

E[ζk] =∞ if ρ ≤ k,
(1.26)

where we note the equality in the second case. This means that we have infinite variance for ρ ≤ 2.

In Chapter 2, we use the Pareto distribution and estimate the mean. In Chapter 3, we have higly varying
electricity price data. Lastly, wemodel stock prices in Chapter 4 with a stochastic process that has heavier
tails than the Gaussian distribution.

Applications of Distributionally Robust Optimisation in Heavy-Tailed Environments 9



Chapter 2

Robust Mean Estimation

2.1 Introduction
One of the simpler statistical inference tasks is the estimation of themean. In decisionmaking, a common
mean estimation task is the estimation of the expected loss EP[ℓ(x ,ξ)] where ξ follows an unknown
distributionP. We assume that x ∈ X is fixed and define the revenue as ζ = −ℓ(x ,ξ)with the assumption
that ζ ∼ F is regularly varying. Normally we want to minimise EP[ℓ(x ,ξ)], but nowwemaximise EP[ζ]
because of the sign. We do not want to overestimate the revenue, as this would lead to disappointment
when we expect a certain revenue but fall short. On the other hand, we also do not want to be too
conservative, which could lead to outperformance by other methods.

In this chapter, we empirically investigate different mean estimation methods that are robust to outliers.
The empirical results will be compared to the analytical results in Van Parys and Zwart [6]. Specifically,
the disappointment rate and the conservative probability defined in that paper will be estimated. These
notions will be presented in Section 2.2 together with the robust estimation methods and their analyt-
ical results. In Section 2.3 we present the empirical results alongside the analytical results. Finally, we
summarise and conclude this chapter in Section 2.4.

Notation We denote êN = êN (P̂N ) as the estimator for EP[ζ] = µ where ζ is a nonnegative and regularly
varying random variable with tail index ρ > 1. We defineσ2 =VP(ζ) = EP[(ζ−EP[ζ])2] as the variance
under the probability measure P. If the support has T ∈ N unique values, we assume that the support
is {ζ̃1, ..., ζ̃T } and write Q as the vector [q1, ..., qT ] s.t.

∑T
i=1 qi = 1 and Q(ζ̃i) = qi . For the empirical

distribution, we denote P̂N (ζ̃i) = p̂i . Furthermore, we define the sample estimators µ̂N = EP̂N
[ζ] and

σ̂2
N =VP̂N

[ζ]. We denote PN as the measure of the random vector (ζ1, ...,ζN ), which are N i.i.d. copies of
ζ. Note that, when ζ follows a continuous distribution, then almost surely T = N . Let ζ̃i be the outcome
of ζi for all i ∈ [N].

2.2 Methodology
To verify the results from Van Parys and Zwart [6], we will perform a Monte Carlo simulation. We let ξ
follow a heavy-tailed distribution; in this case, a shifted Pareto distribution with tail index ρ > 1, zmin = 1
and shifted by −1. By shifting the Pareto by −1, we have µ = ρ

ρ−1 − 1 = 1
ρ−1 with support Ξ = [0,∞) all

nonnegative real numbers.

We will estimate µ with three different robust estimation and two distributionally robust estimation
methods. We compare the methods on two metrics: disappointment and conservative probabilities.

2.2.1 Disappointment rate and conservative probability
In Van Parys and Zwart [6], the disappointment rate λ(N) for the loss function is defined as the scaling
term of the disappointment probability such that

limsup
N→∞

1
λ(N)

logPN (êN > µ)≤ −1. (2.1)
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We can interpret λ(N) as the rate of decay with the approximate bound

PN (êN > µ)≤ exp(−λ(N)). (2.2)

for large N . If λ(N) = O (N), then this will result in an exponential decay of the disappointment probabil-
ity as the samples get larger. If λ(N) = o(N), then the decay is subexponential. We define r(N) = λ(N)/N .

An obvious candidate for (2.1) is êN = 0 regardless of the sample. However, we need an estimator that not
only does not disappoint, but an estimator that also is not too conservative. We define the conservative
term b ∈ (0,µ) and the conservative probability as

PN (êN < µ− b), (2.3)

which should decay to 0 as N increases. Later in Section 2.3, we consider a reformulation of the conser-
vative probability, namely PN (êN/µ < 1− c). This reformulation makes the conservative term c = b/µ ∈
(0,1) dimensionless.

2.2.2 Robust estimation
2.2.2.1 Tolerance level
A simple method is to take the sample mean µ̂N and apply a tolerance level ∆ ≥ 0. Then define the
robust estimator êN ,∆ = µ̂N −∆ where the simple idea is to correct for the overestimation by a constant
∆. However, by using (1.24) the disappointment probability can be estimated as [6]

PN (êN ,∆ > µ) = N P(ζ >∆N)(1+ o(1)) = exp(−(1+ o(1))(ρ − 1) log N), (2.4)

with decay rate remarkably not depending on ∆. In this case, λ(N) = O (log(N)) which results in a
subexponential decay.

Since êN ,∆ is biased, it will be conservative for any ∆ > 0. Now suppose ∆ = 0, then the conservative
probability can be calculated as

− 1
N

logPN (êN ,0 ≤ µ− b)→ I(b) (2.5)

with I(b) = sups>0(b−µ)s− logEP[exp(−sζ)] the Legendre transform [6].

Suppose ζ′ is the unshifted Pareto distribution. Then the Laplace transform EP[exp(−sζ′)] can be ex-
pressed in terms of the incomplete Gamma function Γ (a, x), such that Γ (a, 0) = Γ (a) = (a− 1)! if a ∈N,

EP[exp(−sζ′)] =
∫ ∞

1

exp(−sx)ρx−ρ−1 dx (2.6)

= ρ

∫ ∞
1

exp(−sx)x−ρ−1 dx = ρEρ+1(s) (2.7)

= ρsρΓ (−ρ, s), (2.8)

Hereweused that the generalized exponential integralEN (x) = xN−1Γ (1−N , x) [17]. Now since ζ = ζ′−1,
we have

logEP[exp(−sζ)] = logEP[exp(−s(ζ′ − 1))] (2.9)
= logEP[exp(−sζ′ + s)] = log

�
EP[exp(−sζ′)]

�
+ s (2.10)

Therefore I(b) = sups>0(b−µ− 1)s− log(ρsρΓ (−ρ, s)).
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2.2.2.2 Truncated mean
If the sample mean is sensitive to outliers, then one option is to truncate the outliers by a smaller value.
This idea is exactly what the truncated mean (also known as trimmed mean) does. Let a ∈ (1,2] and
EP[ζa] ≤ A<∞. Take λ(N) = o(N) s.t. r(N)→ 0 but λ(N)→∞. Then the truncated mean estimator is
defined as

êa, A
N =

1
N

N∑
i=1

min{ζi , r(N)−1/a} − ca r(N)(a−1)/a, (2.11)

where ca = (a − 1)−(a−1)/aaC1/a, and C = max{(a − 1)−1a−a, 2Aea(2 + a)−1}. For ρ > 1.25, we use a =
min{ρ − 0.25, 2} and EP[ζa] = A. For ρ ≤ 1.25, we decide not to use this estimator.

Note that this estimator uses the theoretical moment EP[ζa], which is generally not available.

From Van Parys and Zwart [6], we know that

PN (êa, A
N > µ)≤ exp(−λ(N)), (2.12)

which is subexponential, and that PN (êa, A
N ≤ µ− b) decays exponentially with rate λ(N).

2.2.2.3 Variance regularisation
Suppose ρ > 2, such that VP(ζ) <∞. Then we can use the variance as a tolerance level similar to êN ,∆.
In the case of an outlier, the sample variance will increase and correct for this outlier. The exact tolerance
∆ is based on the CLT [6]. Using this argument we define the variance regularisation (VR) estimator as

êVR
N = µ̂N −

Æ
2r(N)σ̂N . (2.13)

The disappointment rate decays with rate λ(N) = O (N) [6]. However, note that the sample standard de-
viation is also heavily influenced by outliers and can be unreliable for ρ < 4 as discussed in Section 1.4.2.
If σ̂N >

µ̂p
2r(N)

, then this estimator is negative. For this reason, the estimator can be extremely conserva-
tive, with lower conservative probability bound [6]

PN (êVR
N ≤ µ− b)≥ (1+ o(1))N P

�
ζ > b

√√ N
2r(N)

�
= (1+ o(1))N P

�
ζ > b

Np
2λ(N)

�
. (2.14)

We will still test this estimator for ρ ≤ 2 to compare it with the other estimators.

2.2.3 Distributionally Robust Estimation
2.2.3.1 Wasserstein
The Wasserstein estimator is defined as êW

N,ϵ =minQ∈AW1
(P̂N )

EQ[ζ] where AW1
is the ambiguity set based

on the Wasserstein-1 distance from (1.9). We use ϵ := r(N) = log(N)/N as radius of AW1
. The estimator

can be calculated with the dual formulation

êW
N,ϵ =max

α≥0

¨
−αϵ +

N∑
i=1

p̂i min
j∈[N]

�
ζ̃ j +α|ζ̃i − ζ̃ j |

	«
. (2.15)

The derivation of the dual can be found in Section A.1 and is based on Lagrange duality. This maximi-
sation problem has a closed form, which is given as

êW
N,ϵ =

N∑
i=1

p̂i ζ̃i − ϵ = µ̂N − ϵ, (2.16)
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under the assumption that ϵ < µ̂N . This is a reasonable assumption since the estimator would otherwise
be negative. The derivation of (2.16) can be found in Section A.2, which uses the Wasserstein relaxation.
If theWasserstein relaxation was not used, then this would lead to the same estimator as (2.16), but with
the condition that ϵ +mini∈[N] ζ̃i < µ̂N . Since mini∈[N] ζ̃i → 0 as N →∞, the Wasserstein relaxation does
not lead to a drastically different estimator.

The closed form shows that the Wasserstein estimator is actually a sample mean with a shrinking toler-
ance level∆(N) = ϵ = r(N) in disguise. However, since r(N) = log(N)/N , we know r(N)→ 0 as N →∞,
which makes êW

N ,ϵ asymptotically unbiased. For a shrinking tolerance, no theoretical disappointment
probability has been derived.

2.2.3.2 Kullback-Leibler
The Kullback-Leibler estimator is defined as êKL

N,ϵ = minQ∈AKL(P̂N )
EQ[ζ] with again ϵ := r(N) as radius of

AKL. The KL DRO estimator can be worked out as

êKL
N,ϵ =


min
Q∈PΞ

EQ[ζ],

s.t.
∑N

i=1 log
�

p̂i
qi

�
p̂i ≤ ϵ,∑N

i=1 qi = 1,

qi ≥ 0 ∀i ∈ [N].
(2.17)

Just like the Wasserstein mean estimator, we can define this estimator in terms of its strong dual

êKL
N,ϵ = −min

¨
α(ϵ − 1) + ν+

N∑
i=1

αp̂i log
α

ζ̃i + ν
: α≥ 0,ν > −min

i∈[N] ζ̃i

«
. (2.18)

The derivation can be found in Section A.3, which is also based on the Lagrange dual.

As N →∞, we have the disappointment probability bound

PN (êKL
N,ϵ > µ)≤ exp [−λ(N)(1+ o(1))] , (2.19)

with λ(N) = O (N), and conservative probability

PN (êKL
N,ϵ < µ− b)≤ exp [−N I(b)(1+ o(1))] , (2.20)

which is similar to the conservative probability of the sample mean. Van Parys and Zwart also derived
a non-asymptotic disappointment probability bound

PN (êKL
N,ϵ > µ)≤ exp [−λ(N)] (eλ(N) log(N) + e2), (2.21)

which can be used to choose λ(N) such that PN (êKL
N,ϵ > µ) ≤ p with p ∈ [0,1]. There is no closed-form

solution of exp[−λ(N)] (eλ(N) log(N)+e2)−p = 0, but it can be found easilywith a root-finding algorithm
like Newton-Raphson.

2.2.4 Method discussion
Before discussing the empirical results, a few limitations of this research should be addressed. Wepresent
this discussion here such that the reader is aware of these limitations and considers them when reading
the results.

For this research, we compare the different methods for estimating the mean of a Pareto distribution.
However, it could be that some methods work better for other heavy-tailed distributions with positive
support where the body of the distribution does not follow a power law, unlike the Pareto. For this
distribution, more of the data will be centred around the mean, and the mean will be easier to estimate.
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Furthermore, we only compare two DRO methods since these methods were the methods discussed in
[6]. However, other DRO methods like the HR DRO could also be used. Other robust methods like
median-of-means or M-estimators were also mentioned in [6]. Without going into further detail of these
methods, they could be tested in future research.

Lastly, note that the formulation of (2.17) is restricting the worst-case distribution to the same sup-
port as P̂N . In order to not restrict Q, the conditions should be changed to

∫
[0,∞) log( dP̂(x)dQ(x) )dP̂(x) and∫

[0,∞) dQ(x) = 1. However, we chose this formulation as it gives a good and simple introduction of KL
DRO without having to go into technicalities.

2.3 Results
Weran twoMonteCarlo experiments. The first experiment is to examinewhat happens for various values
of ρ. By varying ρ, we get insight into how the methods behave for different levels of heavy-tailedness.
For the second experiment, we want to analyse the behaviour when N increases.

The first experiment is aMonteCarlo simulationwith in total B = 100,000 runs. For each run, we sampled
N = 1000 i.i.d. samples from a shifted Pareto distribution with tail index ρ and support [0,∞). We used
ρ ∈ {1.1,1.5, 2,2.5, 4,5}, whichmeans infinite variance for the first three tail indices andfinite variance for
the last three. Furthermore, for KLDRO,we takeλ(N) as the solution of setting (2.21) equal to a precision
of p = 0.01. For the Wasserstein, truncated mean and variance regularisation, we use λ(N) = log(N).

The second experiment is a Monte Carlo simulation with B = 200,000 runs. We vary the sample size
N = {10,50,100, 500,1000, 5000} for two tail indices ρ ∈ {1.5,2.5}. We use the same λ(N) as in the first
experiment, except that we use a precision of p = 0.1 for KL.

Experiment 1
In Figure 2.1, we can see a sample of the mean estimates from the first experiment. The continuous line
represents the actual mean, and an overestimation would mean that a data point is above this line. The
first thing that stands out is that the truncatedmean estimates are unrealistic and deviate from the rest of
the estimates. Since a = ρ−0.25, the a-th moment for ρ ≤ 1.25 is infinite and therefore will not be used.
For ρ = 1.5 and ρ = 2, the truncated mean yields negative mean estimates for a nonnegative random
variable, which is not feasible. For later values of ρ, the truncated mean is sometimes positive, but much
more pessimistic than the other methods.

These poor results from the truncated mean are a result of the correction term ca r(N)(a−1)/a. We give
two examples, one for ρ = 1.5 and one for ρ = 5, to illustrate the effect of this correction term. When
ρ = 1.5, we get ca r(N)(a−1)/a = 4.7133 with P(ζ < ca r(N)(a−1)/a) ≈ 0.9268, which means that we can
expect 92.68% of the data below this correction term. We find that EP[ζ − ca r(N)(a−1)/a] = −2.7132,
which roughly where most of the truncated means are concentrated in the figure. The truncation term
is not very effective since P(ζ > r(N)−1/a) = 0.0025.

Now for ρ = 5, we have that ca r(N)(a−1)/a = 0.4124 with P(ζ < ca r(N)(a−1)/a) ≈ 0.8221. So most of
the data points are still below the correction term. However, EP[ζ − ca r(N)(a−1)/a] = −0.1625 is much
less drastic than for the ρ = 1.5 case, albeit still negative. The truncation term is not contributing with
P(ζ > r(N)−1/a) = 2.6× 10−6. In the rest of the analysis, we omit the truncated mean.

Nowwewill analyse the remaining methods. We can see that both the sample mean (without tolerance)
and the Wasserstein mean data points are frequently above the black line, meaning they are overesti-
mating the theoretical mean. The Wasserstein estimates are below the sample mean by a small margin,
corresponding to ϵ = log(N)/N . Since N stays fixed, and therefore also ϵ, themargin betweenWasserstein
and the sample mean increases relatively to the magnitude of the theoretical mean.

Applications of Distributionally Robust Optimisation in Heavy-Tailed Environments 14



CHAPTER 2. ROBUST MEAN ESTIMATION

0 20000 40000 60000 80000 100000

Index

−20

−10

0

10

20

30

40

M
ea

n
 e

st
im

at
e

ρ= 1.1

0 20000 40000 60000 80000 100000

Index

−2

−1

0

1

2

3

4

M
ea

n
 e

st
im

at
e

ρ= 1.5

0 20000 40000 60000 80000 100000

Index

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

1.25

M
ea

n
 e

st
im

at
e

ρ= 2

Sample Mean

Wasserstein

Truncated

KL

Variance regularisation

[ζ]

0 20000 40000 60000 80000 100000

Index

0.0

0.2

0.4

0.6

0.8

M
ea

n
 e

st
im

at
e

ρ= 2.5

0 20000 40000 60000 80000 100000

Index

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

M
ea

n
 e

st
im

at
e

ρ= 4

0 20000 40000 60000 80000 100000

Index

0.00

0.05

0.10

0.15

0.20

0.25

0.30

M
ea

n
 e

st
im

at
e

ρ= 5

Figure 2.1: Random 1000 samples from= 100,000 Monte Carlo replications where the mean is estimated
of ζ ∼ Pareto(ρ)− 1

Table 2.1: Fraction of data points that overestimated the mean in B = 100,000 trials. KL and VR are
omitted since we did not observe overestimations.

ρ = 1.1 ρ = 1.5 ρ = 2 ρ = 2.5 ρ = 4 ρ = 5

µ̂ 0.100 0.305 0.426 0.475 0.503 0.497
Wasserstein 0.100 0.294 0.384 0.403 0.311 0.238

Both KL and VR do not overestimate the theoretical mean in these samples. Moreover, for low ρ, notably
the infinite variance cases, we see thatKL is less conservative thanVR. ForVR,we see somenegativemean
estimates with an order of magnitude equal to the overestimations by the sample mean andWasserstein.
This can be explained by extreme outliers in the sample. When such an extreme outlier is present, both
the sample mean and variance increase drastically. The latter causes VR to overcorrect.

From ρ = 2.5 onwards, we have finite variance and the outliers have less effect on the VR estimator,
which performs as well as KL and even better when ρ = 5. However, only in ρ = 5 do we see that the
VR estimates are well concentrated without any outliers. This can be explained by the fact that Pareto
distributions with ρ ≤ 4 has infinite kurtosis and therefore the VP(σ̂2) =∞.

In the entire sample of B = 100,000 for all values of ρ, the KL and VR mean estimations did not over-
estimate the theoretical mean for the sample mean and Wasserstein mean. In Table 2.1, we can see the
fraction of mean estimates that overestimated the theoretical mean. We can see that for low values of ρ,
the sample mean overestimates less frequently than for larger values of ρ. For Wasserstein, we can see
that the frequency of overestimation diverges from the sample mean. As ρ increases, the magnitude of
the theoretical mean decreases, and ϵ = log(N)/N plays a larger role as the tolerance level since N stays
fixed. We will discuss how the variation of N influences the mean estimation in the next section.

Lastly, we analyse themethods on their conservative probability. In Figure 2.2, we can see for all values of
ρ, the empirical probability that the estimator was less than 100(1− c)% of the mean. The solid black line
is the bound shown in (2.5). Overall, the sample mean and the Wasserstein are the least conservative,
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Figure 2.2: The conservative probability for different methods compared to the bound presented in [6].

but at the cost of frequent overestimation. For KL and VR, where no overestimation happened, we can
see that for KL the conservative probability decays exponentially with the same rate as the theoretical
bound. However, this is not the case for VR, where the decay flattens as c increases.

Experiment 2
In Figure 2.3, we can see the disappointment probabilities as the sample size N varies. We have left out
the disappointment probabilities of the variance regularisation method, as it had no overestimations.
Similarly, KL only had 1 and 7 overestimations for ρ = 1.5 and ρ = 2.5 out of B = 200,000 trials. This
rate is well below the targeted precision of 10% indicating that the theoretical bound in (2.21) is loose
for these parametric choices.

For the sample mean, we can see that the overestimation probability sharply follows the asymptotic
bound of (2.4) for both values of ρ. For the Wasserstein estimates, we see an increasing overestimation
probability as N increases. This can be caused by the fact that, forWasserstein, r(N) = log(N)/N decreases
as the sample size increases. At the same time, the probability of an outlier increases as the sample size
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Figure 2.3: The disappointment probability as N increases on log-log scale. The dotted lines are the
empirical results while the solid lines are the theoretical bounds.
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Figure 2.4: The conservative probability as N increases. The dotted lines are the empirical results. The
solid line is the asymptotic bound for both the sample mean and KL.

grows.

We can see in Figure 2.4 the conservative probability as N grows for c = 0.25, 0.5, and 0.75. For these
values of c, we can interpretP(ê/µ < 1−c) as the probability that the estimator underestimated themean
by more than 25%, 50% and 75%, respectively. For the sample mean andWasserstein, these methods are
mostly below or on the asymptotic bound. We can see that there is a discrepancy between the rate at
which the KL method decreases and the asymptotic bound exp(−N I(µc)) as the KL line is always above
the asymptotic bound.

The KL method is less conservative than variance regularisation for ρ = 1.5, except for low sample sizes
where the probability of an extreme outlier is still small and no overcorrection happens. For greater
sample sizes, KL is always less conservative than VR, and the difference gets bigger for greater values of
c. Furthermore, for ρ = 2.5, KL and VR decrease almost identically, with VR less conservative for lower
N and KL less conservative for greater N . Again, we see that for greater c, KL is less conservative than
VR.

2.4 Conclusion
In this chapter, we have studied the mean estimation of a Pareto distribution. We used both robust and
distributionally robust estimation techniques to estimate the mean. We compared the bounds derived
in Van Parys and Zwart [6] to the results of a Monte Carlo simulation. In these results, we have found
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that both the sample mean and Wasserstein mean overestimate the theoretical mean with a significant
probability, even though Wasserstein Relaxation was used. The truncated mean was found to be unre-
liable due to the correction term. The Kullback-Leibler and variance regularisation estimators did not
overestimate the mean. Empirically, we confirmed that the Kullback-Leibler mean was less conservative
than the variance regularisation estimates for all tested tail indices and especially for large sample sizes.

Finally, we recommend a direction for future research. Both the Wasserstein estimator and the KL es-
timator were derived by directly using the empirical distribution P̂N and its support Ξ̂ = {ζ̃1, ..., ζ̃N}.
For future research, one could try to fit a kernel density estimator on the data where the kernel itself is
heavy-tailed. Then the continuous equivalent Wasserstein and KL DRO could be applied. This would
better represent the Pareto distribution as it will be continuous.
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Chapter 3

Robust Wind Electricity Nomination

3.1 Introduction
In this chapter, we discuss and build upon the work of Aolaritei et al. [5]. This paper covers the nom-
ination problem for wind electricity producers in the day-ahead market. In this nomination problem,
producers must submit the amount of electricity they will produce for the day ahead (called the nomi-
nation), without knowing the exact electricity production or market prices of the next day. The producer
receives the spot price (the price after the market is cleared) for the nominated production and has to
settle the difference between the actual and nominated production with the regulation prices. If the pro-
ducer promised more electricity than generated, the producer has to cover the difference according to
the up-regulation prices. On the other hand, if more electricity is generated than nominated, then the
difference is bought from the producer according to the down-regulation price.

The down-regulation prices are typically lower than the spot price. This means that the producer is most
profitable when they nominate exactly what they generate. If the producer nominates less than what
they generate, then the surplus of electricity will be sold for less. The up-regulation prices are generally
higher than the spot price. For example, as can be seen in Figure 3.1, inMay 2020, the up-regulation price
was around 60 times the spot price. As a consequence, nominating more energy than will be generated
can be extremely costly.
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Figure 3.1: The up- and down-regulation prices in the crash of May 2020. The up-regulation price peaks
at €3000 per MWh while the spot price was between €10 and €50 per MWh.

Aolaritei et al. argue that these prices follow a heavy-tailed distribution, albeit informally. In this chapter
we will not test their claim since the objective is not to determine the exact tail index, but to be robust
against extreme outliers. Furthermore, the asymmetry between up- anddown-regulation prices is a good
reason to apply robust optimisation. Aolaritei et al. show thatWasserstein DRO can be used to determine
a more conservative nomination than the forecast, while still being profitable. In this chapter, we show
that a more robust Kullback-Leibler-based DRO model gives better protection against market crashes.

3.2 Modelling
Our objective is to minimise the loss, and therefore maximise the profit. Formally, we define the profit
function

max
x∈R EP[π(x ,ξ)] = −min

x∈REP[ℓ(x ,ξ)], (3.1)
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CHAPTER 3. ROBUST WIND ELECTRICITY NOMINATION

where we define π : R×Ξ→ R as the profit function, x the nomination value and ξ = (g, s, r−, r+) as a
random vector containing the total energy generation g, the spot price s, the down-regulation price r−,
and the up-regulation price r+. The loss function is determined as

ℓ(x ,ξ) = −π(x ,ξ) = −(xs+ (g − x)+r− − (x − g)+r+) (3.2)

where (t)+ =max{t, 0}. In the first term xs, we quantify that the producer will receive the spot price for
the nominated x . In the second term (g− x)+, if more energy is generated than nominated, i.e. g− x > 0,
then the producer receives r−. In the occasional event that r− < 0, the producer has to pay for the
overproduction. For the last term −(x − g)+r+, if less energy is generated than nominated, g − x < 0,
then the producer must pay for the difference at price r+.

We assume that ξ ∼ P and the hourly samples ξ1, ...,ξN are i.i.d. copies of ξ. This assumption is debat-
able as dependence between hourly samples is observed. However, the DRO methods we study assume
independence even though the statistical guarantees discussed in Section 1.4 might not apply.

Lastly, we have 52wind energy generation forecast per hour, denoted as fi ∈R52 for i ∈ [N], that complete
the trainingdataset {(fi ,ξi)}Ni=1. The price andwind energydata are obtained fromFinland’s transmission
system operator Fingrid1. We used the same forecasts as Aolaritei et al. [5], which are 52 hourly forecasts
obtained for different weather scenarios. The mean of the 52 forecasts is used as the Sample Average
Approximation (SAA), which will be the benchmark nomination strategy.

3.3 Methodology
We follow the methodology of Aolaritei et al. [5], as this should give a good indication of how KL and
HR DRO perform as a simple ‘plug-in’ method. The test data consists of one left-out season, with the
remaining data used for training. However, not all training samples are used for calibration. A θ ∈
[0,1] fraction of the training dataset is selected based on a new day-ahead forecast f̂ from the test data.
The selected samples are the dθNe samples whose minimum historical forecast mink∈[52] fi,k is closest in
absolute distance to the minimum day-ahead forecast mink∈[52] f̂k. The index set of the selected samples is
denoted as I such that |I|= dθNe.
As reference distribution, given the day-ahead forecast f̂ ∈ R52, we use the weighted empirical distribu-
tion

P̂N ,w =
∑
i∈I

wiWδξi
, (3.3)

where wi =
�

1− |mink∈[52] f̂k−mink∈[52] fi,k |
dmax

�β
are the rawweights, dmax =maxi∈I |mink∈[52] f̂k−mink∈[52] fi,k|, and

W =
�∑

i∈I wi

�−1 is the normalising constant. This distribution will be used as a reference distribution
for Wasserstein, Kullback-Leibler, and Holistic Robust DRO methods. In the remainder of this section,
we show how the methods covered in Section 1.4 are be applied to the nomination problem.

3.3.1 Wasserstein method
The full description of theWassersteinmethod is covered inAolaritei et al. [5]. In this section, a summary
of the steps is described.

As the transport cost function, the 1-norm ‖ · ‖1 is chosen, which means we have a W1 distance. Three
choices of the radius are chosen as ϵ ∈ {0.5,1, 1.5}. These values coincide with a low, medium and high
level of robustness, respectively. The problem is reformulated with the deterministic reparametrisation

1The data is available at https://data.fingrid.fi/en/datasets. Specifically, the records are "The price of consumption
imbalance electricity", "The sales price of production imbalance electricity", "The buying price of production imbalance electricity",
and "Wind power generation - 15 min data". The main period of interest is between January 2017 and January 2021.
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ξ̄ = (g, s, r−, r+, t−, t+) with t− = gr− and t+ = gr+, where ξ̄i has the same weights as ξi in the weighted
empirical distribution. The support of ξ̄ is defined as Ξ̃ = {ξ ∈Rd : Cξ≤ d} with

C =



−1

1
. . .
. . . . . .

. . . −1
1

 ∈R
12×6, d =


−0.8min{gi}
1.2max{gi}

...
1.2max{gi r

+
i }

 ∈R12, (3.4)

which allows for an increase in the empirical support of 20%. This margin means that, for example,
scenarios with 20% less than the minimum wind production and 20% more than the maximum wind
production were considered. The same holds for the other variables. Because r− can be negative, the
empirical minimum of both r− and t− is multiplied by −1.2, instead of −0.8.

By defining two auxiliary functions a1(x) = (0,−x , 0, x , 0,−1) and a2(x) = (0,−x , x , 0,−1,0), the loss
function from (3.2) can be defined as piecewise affine

ℓ(x ,ξ′) =max{x r+ − t+ − xs, x r− − t− − xs}
=max{a1(x)

>ξ′, a2(x)
>ξ′}

=max{ℓ1(x ,ξ′),ℓ2(x ,ξ′)}.
(3.5)

Now let k ∈ {1,2} and use (1.11), with the convex conjugate expressed as its dual

[−ℓk(x , ·)]∗(zi − vi) = sup
Cξ′≤d

(zi − vi + ak(x))
>ξ′, (3.6)

= inf
ηi≥0

sup
ξ′
{(zi − vi + ak(x))

>ξ′ −η>i (Cξ′ − d)}, (3.7)

= inf
ηi≥0
η>i d + sup

ξ′
{(zi − vi + ak(x)− C>ηi)

>ξ′}︸ ︷︷ ︸
=0 if zi−vi+ak(x)=C>ηi and +∞ otherwise

, (3.8)

= inf
ηi≥0
{η>i d : zi = C>ηi + vi − ak(x)}. (3.9)

Similarly, σΞ̃(vi) = supξ′:Cξ′≤d〈vi ,ξ
′〉 = infκi≥0 supξ′{v>i ξ′ − κ>i (Cξ′ − d)} = infκi≥0{κ>i d : C>κi = vi}. Then,

since zi = C>ηi + vi − ak(x) and vi = C>κi , we have −z>i ξ′ = −(ηi + κi)>Cξ′ + ak(x)>ξ′ and ‖zi‖∗ =
‖C>(κi +ηi)− ak(x)‖∗. Since the 1-norm was chosen, we have that the dual norm ‖ · ‖∗ = ‖ · ‖∞.

All the conditions in the dual are expressed in terms of κi and ηi . We can simplify the problem by
defining γi = κi + ηi . Furthermore, we can linearise by splitting up the conditions into the part where
ℓ1(x ,ξ′)> ℓ2(x ,ξ′) and vice versa. This results in the linear program presented in Aolaritei et al. [5]

inf
x ,λ,s,γ1,γ2

λϵ +W
∑
i∈I

wisi ,

s.t. a1(x)
>ξi + γ

>
i1 (d − Cξi)≤ si ∀i ∈ I,

a2(x)
>ξi + γ

>
i2 (d − Cξi)≤ si ∀i ∈ I,

C>γi1 − a1(x)


∞ ≤ λ ∀i ∈ I,

C>γi2 − a2(x)


∞ ≤ λ ∀i ∈ I,

γ1 ∈R|I|×12
+ ,γ2 ∈R|I|×12

+ ,λ ≥ 0.

(3.10)

Lastly, the parameters θ = 1/3 and β = 2 are copied from Aolaritei et al. [5].
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3.3.2 Kullback-Leibler method
The KL DRO is implemented as described in (1.14). We increase θ from 1/3 to 0.5 since the KL method
benefits from a larger sample, which increases the empirical support. We keep β = 2. We choose the
radius ϵ that solves (2.21)= p. We call this solution ϵp. Since only a limited amount of money can
be earned, we know that ℓ is bounded from below. For this reason, even though the bound requires
nonnegative losses, the bound is still valid. We choose p = 1

25×24×365.25 for the most conservative KL
DRO. Since the data is hourly, we interpret p as the probability that we overestimate the expected profit
once every 25 years. Then we also choose two levels of robustness besides the most conservative ϵp. For
middle level of robustness, we choose 1

2ϵp and for low level of robustness we choose 1
4ϵp.

3.3.3 Holistic Robust method
For the HR DRO, we decide to use the same radius r ∈ {ϵp, 1

2ϵp, 1
4ϵp} as for the KL method2. However,

since the upper bound in (2.21) is only applicable for the KLworst-case distributions, there is no connec-
tion between the chosen values for r and the disappointment probability. Similar to KL, we use θ = 0.5
and β = 2 for the empirical distribution.

We choose α = 0 such that no misspecification is assumed. For the noise set, we choose the 1-norm
ball B1 = {z : ‖z‖1 ≤ ϵ}. For any ϵ > 0, we know that HR DRO will be more conservative than KL
DRO. Therefore, we choose the smallest ϵ = 0.5 that Aolaritei et al. [5] selected for their Wasserstein-1
DRO. This will allow the support to be expanded while still benefiting from the KL optimality. Then, by
definition of the noise loss and the formulation of (3.5), we get

ℓN(x ,ξ) =max
z∈B1

ℓ(x ,ξ− z)

=max
z∈B1

max{a1(x)
>ξ− a1(x)

>z, a2(x)
>ξ− a2(x)

>z}
=max

z∈B1

max{ℓ1(x ,ξ− z),ℓ2(x ,ξ− z)}=max
z∈B1

ℓ(x ,ξ− z)

If ℓ1 > ℓ2, then dℓ/dz = a1(x) and if ℓ2 > ℓ1, then dℓ/dz = a2(x). In both cases, if x ≥ 1, then it suffices
that z = (0,ϵ, 0, 0, 0, 0)> = ϵe2 with unit vector e2 = (0,1, 0,0, 0,0)>. If x < 1, then ϵ needs to be distributed
over the t+ and t− elements, which results in z = (0,0, 0,0,ϵ/2,ϵ/2)>. For practical purposes, since x � 1,
we define

ℓN(x ,ξ) = ℓ(x , (g, s− ϵ, r−, r+)) = ℓ(x ,ξ− ϵe2) (3.11)

and ignore the x < 1 case. Lastly, we need to determine maxξ′∈Ξ ℓ(x ,ξ′). In the extreme case, we have
nominated x MWh, but there was no production (g = 0), and we would not get any money for it
(s = 0). Then the loss would be max{x r+, x r−}, and since typically r+ > r−, we have maxξ′∈Ξ̃ ℓ(x ,ξ′) =
maxr+∈{r+1 ,...,r+N } x r+ with r+i is the r+ component of ξi for all i ∈ [N].

3.3.4 Method discussion
The reference distribution P̂N ,w was used in all three DROmethods, notably also in KL DRO. The disap-
pointment probability of Van Parys et al. [3] uses the unweighted P̂N as reference distribution to deter-
mine the optimal robust optimiser with Sanov’s theorem. Nevertheless, we used the weighted empirical
distribution to match the methodology from the original paper as closely as possible. This way, we can
evaluate the other DRO methods as a ‘plug-in’ method.

For HR DRO, the largest up-regulation price in the sample was selected as maxr+ r+. In future research,
this value can also be better estimated with extreme value theory. If we assume that r+ follows a power
law with ρ = 1 tail index, then the maxr+ r+ can be approximated by a Fréchet distribution. However,
this tail index should be carefully estimated. In [5], the authors describe that r+ follows a power law

2Note that we use ϵ for the LP distance and r for the KL distance.
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Figure 3.2: The nomination profit for the three different DROmethods during April 2020 (left) and May
2020 (right)

distribution based on different values for q in P(r+ ≥ q), and then make an estimation of ϵ based on this.
However, to find a more exact estimation ofP(r+ ≥ q), the Hill estimator could be used [14]. This would
give a more exact estimation of the tail index ρ.

A similar strategy can be used to determine the extension of the support in theWasserstein DROmethod.
More extensive research could be done on the effect of this margin. An extreme value theory approach as
described previously could be beneficial to link the extended size of the support to statistical properties.

Finally, we used one season as a test set and the remaining seasons as a training set, including data after
the test season. Of course, as a decision-maker, if you have to make decisions for a season, then the data
after that season is not available. It could be that using the data from summer, fall and winter of 2020
leaks information into the spring of 2020 evaluation. For example, if there was less economic activity
in Finland due to the COVID-19 pandemic, then this would reflect in the entire 2020 year data. If more
data was available, then amovingwindow approach could be researched. In that case, for the day-ahead
nomination, you use the previous four years of data.

3.4 Results
Wefirst present the results on the 2020 spring crashes before looking at the performance of other seasons.
In Figure 3.2, we can see how the three different DRO methods perform in the crashes of April and May
2020. For the crash in April, we can see that all DROmethods have similar profit, with KL having slightly
more profit compared to the other types. For the second crash in May, we can see that KL and HR are
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Figure 3.3: The nomination profit for the three different DRO methods during 2020 spring
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Table 3.1: The profit (× €1 million) of the DRO methods at the end of 2020 spring.

Model Profit
W1 ϵ = 0.5 25.35
W1 ϵ = 1 25.57
W1 ϵ = 1.5 25.69
KL ϵ = 0.00031 25.49
KL ϵ = 0.00062 25.81
KL ϵ = 0.00124 25.91

HRϵ=0.5 r=0.00031 25.64
HRϵ=0.5 r=0.00062 25.85
HRϵ=0.5 r=0.00124 25.75

significantly more robust than the Wasserstein DRO. The most robust configuration of HR DRO does
not lose money during the crash, while the most robust KL only slightly does. The middle robust HR
matches the crash of the Wasserstein DRO highest robust configuration, but is slightly more profitable
in April.

In Figure 3.3, we can see that all methods largely follow the same pattern during the 2020 spring season.
All methods vastly outperform the mean forecast nomination strategy. Furthermore, the more robust
configurations of the methods (high for Wasserstein and KL, and middle for HR) end up being more
profitable at the end of the season, even though these configurations were less profitable before the crash
in May.

If we look at the final profit of 2020 spring in Table 3.1, we can see that KL with ϵp = 0.00124 is the most
profitable, albeit with a smallmargin (0.86% compared toWasserstein and 0.23% compared toHR). Then
we have the middle and high robust HR and middle robust KL being similar with only 0.04 difference
between middle robust HR and middle robust KL. Lastly, we have the low robust KL and HR with the
Wasserstein methods.

In Table 3.2, we can see how the DRO methods have performed on all the seasons. A couple of patterns
can be inferred. First of all, as expected, HR DRO is always more conservative than KL DRO when
comparing the same robust level configurations. This results in a lower profit across the seasons except

Table 3.2: The % of profit compared to the SAA strategy for different DRO methods. The colouring is
done per row.

SAA Wasserstein KL HR 𝜺 = 𝟎. 𝟓
Season x1 million 0.5 1 1.5 0.00031 0.00062 0.00124 0.00031 0.00062 0.00124
2016 winter € 26.01 -0.53% -0.87% -1.25% -0.91% -1.50% -2.58% -1.21% -1.80% -2.78%
2017 spring € 33.45 -1.68% -2.07% -2.49% -1.99% -2.83% -4.39% -2.41% -3.25% -4.71%
2017 summer € 27.74 0.82% 0.84% 0.73% 0.58% 0.32% -0.58% 0.49% 0.14% -0.75%
2017 autumn € 40.71 -0.19% -0.20% -0.29% -0.70% -1.14% -2.44% -0.82% -1.40% -2.59%
2017 winter € 50.99 -0.37% -0.57% -0.81% -0.75% -1.34% -2.70% -1.01% -1.66% -2.88%
2018 spring € 45.20 -1.69% -2.08% -2.41% -2.80% -3.73% -7.00% -3.20% -4.29% -7.91%
2018 summer € 61.27 -0.10% -0.21% -0.35% -0.39% -0.72% -1.49% -0.53% -0.90% -1.58%
2018 autumn € 19.18 -0.12% -0.20% -0.30% -0.26% -0.50% -1.14% -0.36% -0.66% -1.22%
2018 winter € 71.27 0.16% 0.05% -0.10% -0.02% -0.35% -1.18% -0.18% -0.55% -1.29%
2019 spring € 60.00 -0.16% -0.33% -0.54% -0.54% -0.99% -2.01% -0.73% -1.24% -2.12%
2019 summer € 41.73 -0.32% -0.54% -0.83% -0.69% -1.23% -2.42% -0.92% -1.52% -2.59%
2019 autumn € 52.82 0.78% 0.65% 0.44% 0.62% -0.04% -1.51% 0.34% -0.40% -1.68%
2019 winter € 59.30 -0.20% -0.55% -0.99% -0.96% -2.12% -4.61% -1.47% -2.78% -4.85%
2020 spring € 20.94 21.04% 22.07% 22.65% 21.71% 23.25% 23.73% 22.40% 23.41% 22.95%
2020 summer € 21.73 0.60% 0.31% -0.17% -0.08% -1.08% -3.44% -0.49% -1.66% -3.77%
2020 autumn € 20.75 0.10% -0.15% -0.54% -0.88% -2.02% -4.75% -1.37% -2.78% -4.97%
Total € 653.09 0.48% 0.32% 0.10% 0.08% -0.47% -1.89% -0.16% -0.80% -2.13%

Applications of Distributionally Robust Optimisation in Heavy-Tailed Environments 24



CHAPTER 3. ROBUST WIND ELECTRICITY NOMINATION

for 2020 spring. However, while the middle robust HR DRO has slightly less profit in the 2020 spring
season compared to the high robust KL DRO, it is less conservative in the rest of the year, showing a
profit much closer to the SAA strategy.

Similarly, we see that Wasserstein is less conservative than KL except in 2020 spring. In the regular
seasons, we see that theWasserstein profit is close to that of SAA,while this is only the case for low robust
KL. Middle and high robust KL deviate more from the SAA strategy, although they are still profitable.

Finally, we can see in Table 3.2 that the total profit of high robust KL and medium robust HR was not
enough to be equally profitable to SAAwhile this is the case for the high robust Wasserstein. One reason
for this is that the total profitmade in 2020 spring is the third-lowest in the entire period of interest, which
is also partially because of the crashes in that season.

3.5 Conclusion
In this chapter, we have studied how DRO can be used for the nomination problem in day-ahead energy
markets. We used Wasserstein as followed in Aolaritei et al. [5] and applied the same methodology, but
with two different DRO strategies: Kullback-Leibler and Holistic Robust. This gives a good indicator of
how well the KL and HR DRO perform when we simply ‘plug in’ these two methods.

From the empirical results, we find that the KL and HR DRO strategies have protected better against
shocks of large up-regulation costs than Wasserstein and the naive SAA. Especially during the shock of
May 2020, the most robust configuration of KL and HR DRO barely lost money during the crashes.

In the other seasons during the period of interest, KL and HR DRO are still profitable strategies, albeit
less profitable than Wasserstein and SAA. Even though KL and HR were robust during a period with
large shocks, these methods lost performance to SAA and Wasserstein in the absence of these shocks.
Empirically, over a period of 4 years, the cost of being insured against a crash was 1.89% for the most
robust KL DRO and 0.8% for the middle robust HR DRO compared to the SAA strategy.

Based on the fact that; HRwithmedium robustness is more profitable than KLwith high robustness; and
HR shows similar protection in volatile seasons, a hypothesis can be stated that the price and generation
data not only contain sampling errors, but also noise. This is the reason why HR was developed, but a
more extensive study can be done to validate this. The possibility that the data contains noise can also
explain why Wasserstein ends up being more profitable than SAA over the 4 years, since Wasserstein
protects against noise. If that is the case, then hedging against black swan events is a positive side effect.

For further research, we recommend a similar suggestion as in Chapter 2. The weighted empirical distri-
bution has support on {ξ1, ...,ξN}, which limits the possibilities for the worst-case distribution. By fitting
a kernel density estimator with heavy-tail kernels, it could be possible to use a continuous version of the
DRO methods.

Furthermore, other similarity score combinations could be researched instead of the Lévy-Prokhorov
metric with KL in the HR DROmethod. Since we do not assume any contamination of the sample (since
α= 0), other metrics could be applied that focus more on the noise aspect. A class of DRO that has been
studied is the smoothed ϕ-divergence DRO in Liu et al. [18], where KL is not only combined with LP
but also with the Wasserstein-p distance.

Finally, we recommend modelling the electricity prices and power generation. These models can be
calibrated on the Finnish data and used to generate synthetic data, potentially with added noise. For
example, the up-regulation prices can be generated from a regularly varying distribution. By varying
the tail-index ρ, the three DRO methods can be tested for robustness on different degrees of variabil-
ity. In such research, a more complete picture of the three DRO variants in electricity markets could be
established.
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Chapter 4

Robust Portfolio Selection

4.1 Introduction
In this chapter, wewill look at the portfolio selection problem. In this problem, we have d assets andmust
choose how we want to distribute the available funds among those assets. Specifically, let our decision
variable x be a vector with nonnegative entries and ‖x‖1 = 1. Then for all k ∈ [d], xk can be interpreted
as the fraction of total funds that was allocated to asset k. For simplicity, we assume that the possible
assets consist of d − 1 stocks that have a stochastic yearly return and one savings account that returns R∗
risk-free.

We choose to approach the portfolio selection in a novel way. The goal of this portfolio selection problem
is not to maximise the returns but to maximise the probability of achieving R+ more returns than the
risk-free rate. We will call this probability the ‘exceeding probability’. Mathematically, let ξ be the yearly
returns of our d assets under unknown probability measure P and X = {x ∈ Rd

+ : ‖x‖1 = 1}. Then the
optimisation problem is defined as

max
x∈X P

�
x>ξ≥ R∗(1+ R+)

�
. (4.1)

Since P is unknown, we will replace it by a distributionally robust worst-case measure Q. Therefore we
get the DRO problem

max
x∈X min

Q∈AQ
�
x>ξ≥ R∗(1+ R+)

�
. (4.2)

Here A is the ambiguity set as described in Section 1.4, which differs based on the similarity function
that is applied. Note that this problem is still of the standard stochastic programming form when we
consider the expected reward Q(x>ξ≥ R∗(1+ R+)) = EQ(r(x ,ξ)) with r(x ,ξ) = 1

�
x>ξ≥ R∗(1+ R+)

	
.

Clearly, the decision-maker only observes one annual return per year, which limits the amount of infor-
mation the decision-maker has. For this reason, we will not directly work on the problem defined in
(4.2), but rather on a proxy problem. This proxy will be based on the daily log-returns instead of the an-
nual returns under model assumptions. However, since our goal is to guarantee a certain annual return,
we will evaluate it as such.

In the remainder of this chapter, we will describe how the experiments are set up and the results are
evaluated. For instance, in Section 4.2, we describe how the stock data is synthetically generated with
two heavy-tailed stochastic processes. In Section 4.3, we describe how the min-max problem in (4.2) is
solved for both the Wasserstein and Kullback-Leibler methods. We also describe the proxy problem in
more detail and howwe will evaluate the results. Then in Section 4.4 we show and discuss the empirical
results from the experiments. Lastly, in Section 4.5, we conclude our findings and this chapter.

Notation We use µ as the drift parameter and σ as a scaling parameter1. The vector equivalents are
denoted by µ and σ such that for all i ∈ [d], we have that µi and σi are the drift and scaling parameters
of stock X (i) from random vector X= [X (1), ..., X (d)]. The superscripts of the stochastic process X t indicate
which model is being used. We use X

d
= Y to state that X and Y share the same underlying distribution.

1We avoid using the term "volatility" as this parameter does not solely determine the volatility of a stock.
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4.1.1 Preliminaries
Here we define a couple of stochastic processes that are used in the modelling section: Lévy process,
Brownian motion, Poisson Process and Gamma Process. However, to keep the modelling section brief,
we will define these processes in this section. The reader may skip this section if desired.

First, we define the Lévy process. A Lévy process {X t}t≥0 is a stochastic process if the process has the
following properties:

• Starts at the origin: X0 = 0 almost surely,

• Independent and stationary increments: For any 0≤ t1 < t2 and 0≤ s1 < s2 such that [t1, t2]∩ [s1, s2] =

∅, we have X t2
− X t1

is independent of Xs2
− Xs1

. Furthermore, X t2
− X t1

d
= X t2−t1

.

• Continuous in probability: for all ϵ > 0, for all t ≥ 0,P(|X t+δ − X t |> ϵ)→ 0 as δ→ 0.

• Càdlàg sample paths: Sample paths are, almost surely, right-continuous with left limits.

The Brownian motion (BM), Poisson process and Gamma process are all Lévy processes. For BM X t
with drift µ, we have X t2

−X t1
∼N(µ(t2− t1), t2− t1). We write Wt as a Standard Brownian motion when

µ= 0. For the Poisson process X P
t we assume that the increments follow a Poisson distribution

P(X P
t+∆t − X P

t = k) =
(µP∆t)k exp(−µP∆t)

k!
, k ∈N, (4.3)

and for a Gamma process we assume that the increments follow a Gamma distribution with density for
all z > 0

fΓ (c1,c2)(z) =
1

cc1
2 Γ (c1)

zc1−1e−z/c2 , (4.4)

and 0 otherwise.

4.2 Modelling
We have stock St = S0 exp(X t) which is defined on the time interval [0, T] with time steps ∆t � T .
Without loss of generality, since we can take ∆t arbitrarily small, we take T = 1 year. Then we de-
fine the log-returns as log(ST/S0) = XT , which will follow a heavy-tailed distribution. We define St =
[S(1)t , ..., S(d−1)

t ] as a vector of d−1 stockswhich are assumed not to be independent. Specifically, we define
σ̄i, j = corr(X (i), X ( j)) as the correlation coefficient between the log-returns of stock i and j, where X (i) =
[X (i)0 , X (i)∆t , ..., X (i)T ]. The final dataset will be the daily log-returns of one year {X0,X∆t −X0, ...,XT −XT−∆t}
with ∆t = 1

260 (assuming 260 trading days in a year).

We consider two stochastic processes for X t called Brownian motion with Poisson Jumps X J
t (also called

Jump Diffusion Process, abbreviated as JDP) and Variance Gamma Process (VGP) X VG
t . Both of these

processes are Lévy processes, where the JDP has finite activity, and the VGP has infinite activity. Finite
and infinite activity means that the processes typically have, respectively, a finite and infinite number of
jumps in a finite time interval [19].

4.2.1 Jump Diffusion Process
The JumpDiffusion Process (JDP) is a Brownianmotion extendedwith jumpsdriven by a Poissonprocess
with mean µP t ≥ 0 [19]. We can interpret µP as the average number of jumps in a year. Clearly, since
µP <∞, we have finite activity. Now, the JDP can be defined as

X J
t+∆t − X J

t = µ∆t +σ(Wt+∆t −Wt) + J(X P
t+∆t − X P

t ), (4.5)
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Figure 4.1: An example of 5 JDP paths. We can see Brownian motion samples between periods of jumps.
There are more downward jumps as pK = 0.4< 0.5. But the upward jumps have greater magnitude since
η1 < η2.

where Wt is a SBM independent of X P
t and J is a random jumpmagnitude. This definition is a discretised

version of the continuous version that can be found in Oosterlee and Grzelak [19]; however, to avoid
unnecessary technicalities, we stick to the discretised version for both discussed processes.

An example of JDP paths can be found in Figure 4.1. We can clearly see the jumps in the stock process.
Between the jumps, the process is light-tailed since the increments are from a Brownian motion. By
adding jumps to a Brownian motion, we increase the probability mass to the tails. Since Wt has a normal
distribution, the resulting JDP will have heavier tails than a normal distribution, which makes it heavy-
tailed but not necessarily regularly varying. The distribution of jump magnitude J and the mean of the
Poisson process µP determine howmuch more mass is transferred to the tails. If J ≡ 0 or µP ≡ 0, then X J

t
is a regular Brownian motion. As discussed before, if we increase µP, we get more jumps of size J and
therefore increasingly heavier tails. By choosing a model for the jumps, we can determine the behaviour
of J and therefore also the behaviour of X J

t .

A popular choice for J is Kou’s model [19, 20]. Let pK ∈ [0,1], η1 > 1, and η2 > 0. Then in Kou’s model,
we have that J has probability density function

fJ (z) = pKη1 exp(−η1z)1{z ≥ 0}+ (1− pK)η2 exp(η2z)1{z < 0}, (4.6)

which is a non-symmetric double exponential distribution. We favour this model over Merton’s model
[21]where J is Gaussian, because of this non-symmetric property. This non-symmetric propertymatches
the empirical phenomena of asymmetric tail behaviour [20]. We can interpret pK as the probability of
an upward jump with mean upward jump magnitude 1/η1. Then similarly, 1− pK is the probability of a
downward jump with mean downward jump 1/η2.

The closed form distribution function of X J
t is not known. However, the characteristic function ϕX J

t
(u) =

E[exp(iuX J
t )] is known and can be used to numerically estimate the distribution function. The character-

istic function of the JDP is given by [19]

ϕX J
t
(u) = exp

�
iuµt − 1

2
σ2u2 t

�
exp

�
µP t E

�
eiuJ − 1

��
, (4.7)

with

E
�
eiuJ

�
= pK

η1

η1 − iu
+ (1− pK)

η2

η2 + iu
. (4.8)
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Figure 4.2: An example of 5 VGP paths. Unlike JDP, there is no clear Brownian motion behaviour. The
paths are mostly constant between jumps. This is because VGP is a pure jump process.

4.2.2 Variance Gamma Process
Similar to JDP, the Variance Gamma Process is also an adaptation to the Brownian motion that modifies
the BM into a stochastic process with a heavy-tailed distribution. The idea of VGP is to evaluate a Brown-
ianmotion (with drift) at stochastic times following aGammaProcess Γt;1,β . This adaptation results in in-
finite jump activity [22] andwherewenormally haveV(Wt) = t, we nowhave thatV(WΓt;1,β

| Γt;1,β ) = Γt;1,β
is stochastic. Since the time steps can be greater than∆t, larger steps than BM are possible, and therefore
VGP has heavier tails than a Gaussian [23]. However, VGP is not regularly varying since all moments
exist.

First we define the Gamma Process as a Lévy process with increments Γt+∆t;1,β − Γt;1,β distributed ac-
cording to a Gamma distribution with mean ∆t and variance β∆t with β > 0. Now substitute the time
variable t with Γt;1,β in Brownian motion

t 7→ θ t +σWt (4.9)

with drift θ ∈ R, scaling σ > 0 and SBM Wt . We assume Wt and Γt;1,β are independent. Then by adding
a deterministic drift term to the process, we get that the VGP is defined as

X VG
t = µt + θΓt;1,β +σWΓt;1,β

. (4.10)

Since β controls the variance of the Gamma Process, we have that β controls the variance of V(WΓt;1,β
|

Γt;1,β ), and therefore the kurtosis of WΓt;1,β
.

A couple of paths are presented in Figure 4.2. We can see much less variation between the large jumps
compared to JDP. This is because VGP is a pure jump process [19].

Similar to the JDP, there is no closed-form distribution function, but we have the characteristic function
[19]

ϕX VG
t (u) = exp(iuµt)

�
1− iβθu+

1
2
βσ2u2

�−t/β

. (4.11)

4.3 Methodology
4.3.1 Correlated stocks
To create a multivariate stock process with correlations, we can define the processes without the drift
term as X̃ t . Then X̃ t is a vector of independent stock processes that can be correlated with a Cholesky
decomposition C = LL> where C ∈ Rd−1×d−1 is the covariance matrix of X̃ t such that C i, j = σ̄i, jσiσ j for
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all i, j ∈ [d − 1]. For example, for all i ∈ [d − 1], we define an independent JDP as

X̃ J,(i)
t+∆t − X̃ J,(i)

t = σ(W (i)
t+∆t −W (i)

t ) + J(X P,(i)
t+∆t − X P,(i)

t ) (4.12)

where W (i)
t and X P,(i)

t are independent processes. Then given the Cholesky decomposition of the covari-
ance matrix C = LL> and drift vector µ ∈Rd−1, we can calculate the JDP stock process as

X J
t+∆t − X J

t = µ∆t + L>
�
X̃

J
t+∆t − X̃

J
t

�
. (4.13)

We fix the correlation coefficients C̄ by generating a random correlationmatrix following the algorithm of
Davies and Higham [24]. This algorithm needs the eigenvalues Λ ∈Rd−1

+ of C̄ as input. The eigenvalues
have been generated such that ‖Λ‖1 = d − 1 and for all i ∈ [d − 1], Λi ∝ Λ̃i where Λ̃i is evenly spaced
such that Λ1 =

1
d−1 and Λd−1 = 0.5.

4.3.2 Density recovery
In this section, we give a short description of the COS-method as described in more detail in Oosterlee
and Grzelak [19]. The COS-method allows us to recover the probability density functions of X J

t and X VG
t

with their characteristic functions. To recover the density from the characteristic function, we use the
relation

ϕX (u) =

∫
R

eiux fX (x)dx ⇔ fX (x) =
1

2π

∫
R

e−iuxϕX (u)du. (4.14)

for any random variable X .

The COS-method is based on the Fourier cosine expansion defined as

fX (x) =
1
2

A0 +
∞∑
k=1

Ak cos
�

kπ
x − a
b− a

�
(4.15)

with coefficients

Ak =
2

b− a

∫ b

a

cos
�

kπ
x − a
b− a

�
fX (x)dx . (4.16)

The idea of the COS-method is to replace the Ak term with an expression that is not dependent on the
density. First, the COS-method evaluates the truncated integral for all [a, b] ⊆R

ϕ̂X (u) =

∫ b

a

eiux fX (x)dx . (4.17)

For a large enough interval [a, b], we have that ϕ̂X (u)≈ ϕX (u). Then, ϕ̂ is evaluated at u= kπ
b−a and scaled

with exp
�−i kaπ

b−a

�
to get

ϕ̂X

�
kπ

b− a

�
exp

�
−i

kaπ
b− a

�
=

∫ b

a

exp
�

i x
kπ

b− a
− i

kaπ
b− a

�
fX (x)dx . (4.18)

Finally, we will conclude that, if we take the real part of the above integral, we will get an expression
similar to (4.16). First, we write i x kπ

b−a − i kaπ
b−a = ikπ x−a

b−a . Then, because taking the real part of the integral
is equal to the integral of the real part, and by Euler’s formula eiθ = cosθ + i sinθ , we have

Re
n

exp
�

ikπ
x − a
b− a

�o
= cos

�
kπ

x − a
b− a

�
, (4.19)
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and therefore,

Re

§
ϕ̂X

�
kπ

b− a

�
exp

�
−i

kaπ
b− a

�ª
=

∫ b

a

cos
�

kπ
x − a
b− a

�
fX (x)dx . (4.20)

And now since Ak is proportional to (4.20), we have that

fX (x) =
1

b− a
Re{ϕ̂X (0)}+ 2

b− a

∞∑
k=1

Re

§
ϕ̂X

�
kπ

b− a

�
exp

�
−i

kaπ
b− a

�ª
cos

�
kπ

x − a
b− a

�
. (4.21)

By definition of the characteristic function, we know that ϕ(0) = 1, and therefore we substitute ϕ̂X (0)
with ϕ(0) = 1. Then, the density can be numerically approximated if we truncate the sum to K −1 terms

f̂X, K(x) =
1

b− a
+

2
b− a

K−1∑
k=1

Re

§
ϕ̂X

�
kπ

b− a

�
exp

�
−i

kaπ
b− a

�ª
cos

�
kπ

x − a
b− a

�
. (4.22)

Then, including the ϕ̂X (0) term, we have K terms to approximate the density with for all x ∈ [a, b],
f̂X, K(x)→ fX (x) as K →∞with exponential convergence when the density is smooth (i.e. no jumps and
on convex support) [19].

For later calculations, wewill need the distribution function FX , whichwe can approximate by integrating
the recovered density

F̂X, K(z) =

∫ z

a

f̂X, K(x)dx (4.23)

=

∫ z

a

1
b− a

dx +

∫ z

a

2
b− a

K−1∑
k=1

Re

§
ϕ̂X

�
kπ

b− a

�
exp

�
−i

kaπ
b− a

�ª
cos

�
kπ

x − a
b− a

�
dx . (4.24)

Then by Fubini’s theorem, we can interchange the sum and integral to get

F̂X, K(z) =
z − a
b− a

+
2
π

K−1∑
k=1

Re

§
ϕ̂X

�
kπ

b− a

�
exp

�
−i

kaπ
b− a

�ª sin
�
kπ z−a

b−a

�
k

. (4.25)

We will use the COS-method to recover the distribution function of the portfolio log-returns x>ξ. This
distribution function could also be approximated by the empirical distribution function P̂N (x>ξ ≤ t),
which is a sum of indicator functions. However, if we are optimising over x , then the indicators are
adding an integer component to the mathematical program. Instead we use F̂x>ξ, K , which is continuous.

4.3.3 Wasserstein and KL DRO
First, just like the other applications, we choose the Wasserstein-1 DRO, whose derivation follows the
same steps as discussed in Chapter 2. In Appendix B, we derived the dual of the inner minimisation
problem for all x ∈ X and ϵ > 0,

max
λ≥0

¨
−λϵ +

N∑
i=1

p̂i min

�
1,λ

x>ξ̃i − R∗(1+ R+)
‖x‖∞

�
1{x>ξ̃i ≥ R∗(1+ R+)}

«
=max
λ≥0

h(λ), (4.26)

with slope

h′(λ) = −ϵ +
N∑

i=1

p̂i
x>ξ̃i − R∗(1+ R+)

‖x‖∞ 1

�
0≤ λ x>ξ̃i − R∗(1+ R+)

‖x‖∞ ≤ 1

�
. (4.27)
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If ϵ is greater than the sum in (4.27), in particular when x>ξ̃i < R∗(1+ R+) for all i ∈ [N], then the slope
is always negative and the maximum is attained at λ = 0. In all other cases, we prove in Appendix B
that the maximum is attained at λ = ‖x‖∞

x>ξ̃i∗−R∗(1+R+)
, where index i∗ = argmini∈[N] {x>ξi − R∗(1 + R+) :

x>ξi > R∗(1+ R+)} can be interpreted as the ith scenario that yields the smallest log-return greater than
R∗(1+ R+)2.

This results in the following closed-form Wasserstein worst-case probability

min
Q∈AW1

(P̂N )
Q(x>ξ≥ R∗(1+ R+)) =max

§
0, P̂N

�
x>ξ≥ R∗(1+ R+)

�− ϵ‖x‖∞
x>ξi∗ − R∗(1+ R+)

ª
. (4.28)

Now since the empirical distribution is discontinuous and depends on the decision variable x , we ap-
proximate the problem in terms of the smooth COS-method recovered distribution function from (4.25).
Using this method, we have a continuous (nonconvex) program instead of an integer program, which is
tractable in practice. We then get that

max
x∈X max

§
0,1− P̂N

�
x>ξ≤ R∗(1+ R+)

�− ϵ‖x‖∞
x>ξi∗ − R∗(1+ R+)

ª
(4.29)

=max
§

0,max
x∈X

§
1− P̂N

�
x>ξ≤ R∗(1+ R+)

�− ϵ‖x‖∞
x>ξi∗ − R∗(1+ R+)

ªª
(4.30)

≈max
§

0,1−min
x∈X

§
F̂x>ξ, K

�
R∗(1+ R+)

�
+

ϵ‖x‖∞
x>ξi∗ − R∗(1+ R+)

ªª
. (4.31)

To determine ϵ, we performed cross-validation on 10 JDP and 10 VGP paths for different values of ϵ. On
average, ϵ = 2−9N−1 gave the highest probability to beat the R∗ returns by R+%.

We use ϵ = 0 as benchmark as this gives us the SAA strategy

min
x∈X F̂x>ξ, K

�
R∗(1+ R+)

�
. (4.32)

For KL DRO, we have the dual problem

− min
x∈X,
λ≥0,µ>0

λ(ϵ − 1) +µ+λ
�

log
�
λ

µ+ 1

�
P̂N (x

Tξ > t) + log
�
λ

µ

�
P̂N (x

Tξ≤ t)
�

, (4.33)

which is also derived in Appendix B. Again, we approximate the empirical distribution with the COS-
method approximation to avoid working with a sum of indicator functions. This results in

− min
x∈X,
λ≥0,µ>0

λ(ϵ − 1) +µ+λ
�
logλ− log(µ+ 1)

�
1− F̂x>ξ, K

�
R∗(1+ R+)

��− log(µ) F̂x>ξ, K

�
R∗(1+ R+)

��
. (4.34)

We determine ϵ by finding the root of (2.21) −p. The value of p was determined with cross-validation
on 10 JDP and 10 VGP paths. On average, all candidates gave roughly the same results, but p = 2−10N−1

gave slightly better results. Note that this formulation is a approximation of the KL that was proved to
be optimal since we now approximate the empirical distribution.

The condition that ‖x‖1 = 1 and x i ≥ 0 for all i ∈ [d] are given as strong conditions in the implementation.

4.3.4 Experiments
We generate 100,000 paths of 9 stocks with both asset models for T = 1 year and time step ∆t = 1

260
being one day (assuming 260 trading days in a year). These asset models have random parameters, but

2We use strictly greater than R∗(1+ R+) to avoid division by 0 and it does not affect the outcome.
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Figure 4.3: Example of COS-method for daily log-return data with characteristic function (cf), empirical
cf and empirical cumulative distribution function (ecdf). For COS, we use b = 1 and K = 5000.

the random parameters have been chosen such that a JDP asset with the average parameter set has the
same mean, variance and kurtosis as the VGP asset with an average parameter set. To be more precise,
for the JDP we sampled σJ DP ∼ Unif[0,0.254], µP ∼ Unif[1,3], pK ∼ Unif[0.4,0.776], η1 ∼ N(7,1.5) and
η2 ∼ N(7,1.5)3. For VGP, we selected σV GP ∼ Unif[0,0.632], θ ∼ N(0.11,0.05) and β ∼ Unif[0.3,0.7].
Once sampled, these parameters stay fixed for the entire experiment. The drift terms are deterministic
with for i ∈ [d], we have µi = −1+ (i − 1) 2

d−1 such that µ1 = −1 and µd−1 = 1. Furthermore, we have one
risk-free savings account where R∗% is the yearly returns ranging from 0.1% to 1.5%. We want to surpass
this savings with R+ = 0.2.

For each simulation, we only have one annual return. Therefore, we scale back the exceeding probability
to daily returns to get 260 data points to fit a distribution on. This means we will optimise the following

max
x

P(x>(Xt+∆t −Xt)≥ R∗(1+ R+)∆t). (4.35)

We scale R∗(1 + R+) to daily log-returns by multiplying by the time step as a heuristic. By stationarity
of Lévy processes, we have Xt+∆t − Xt

d
= X∆t , which we will use in the calculations of the empirical

characteristic function, which is defined as

ϕ̂X∆t ,N (u) = EP̂N
[exp(iu>X∆t)], ∀u ∈Rd . (4.36)

We assume that the actual characteristic function of the asset process is unknown to make the method
completely data-driven and therefore rely on the empirical characteristic function (ECF).We use the ECF
in the COS-method for the Wasserstein and KL DRO. In Figure 4.3, we can see an example of the COS-
method applied on a VGP path. The recovered cdf with the known characteristic function fits well to the
empirical distribution function. The recovered distribution function with the ECF has more error, espe-
cially close to x = 0, but this error is acceptable. Note the distribution function is no longermonotonically
increasing since we approximate it with cosine functions.

We will evaluate the SAA, W1 and KL DRO portfolios on the average exceeding probability and the aver-
age log-returns. Even though we only optimise for the exceeding probability, the average returns should
give an indication of the return magnitude. These twometrics are calculated using the distribution func-
tion of (x∗)>ξ, which is retrieved using the COS-method and the characteristic function under P. This
can be done by rewriting ϕx>ξ into the product of characteristic functions, as we will show now.

First we simplify the problem by splitting up the savings and stocks x>ξ = x1R∗ + x̃>Y T where Y T =
µT + L>X̃ T are the correlated stocks and x̃ = [x2, . . . , xd]> the stock weights. For ease of notation, write

3We need η1 > 1 and η2 > 0, but sampling from a normal gives a non-zero probability that these conditions do not hold.
However, this probability is around 10−5.
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X̃ T = X̃ . Then by expansion of the exponents, we get, for u ∈R,

ϕx>ξ(u) = EP

�
exp(iux>ξ)

�
= exp(iux1R∗)exp(iux̃>µT )EP

�
exp(iux̃>(L>X̃)

�
. (4.37)

Now since X̃ consists of independent stock processes, we can use this independence to write the expec-
tation in terms of the product of expectations. This is done by the following calculations

EP

�
exp(iux̃>(L>X̃))

�
= EP

exp

 
iu

d−1∑
j=1

x̃ j

�
d−1∑
k=1

L jk X̃k

�! = EP

exp

 
iu

d−1∑
k=1

d−1∑
j=1

x̃ j L jk X̃k

! , (4.38)

= EP

�
d−1∏
k=1

exp
�
iux̃>L·k X̃k

��
, (4.39)

=
d−1∏
k=1

EP

�
exp

�
iux̃>L·k X̃k

��
=

d−1∏
k=1

ϕX̃k
(ux̃>L·k), (4.40)

where L·k is the k-th column vector of L, and where (4.40) is valid since we are taking the expectation of
a product of independent random variables. We can use this result in (4.37) to get

ϕx>ξ(u) = exp(iux1R∗)exp(iux̃>µT )
d−1∏
k=1

ϕX̃k
(ux̃>L·k), (4.41)

where we use the actual characteristic function of X̃k to estimate the actual exceeding probability to eval-
uate the data-driven methods.

4.3.5 Method discussion
The recovered density and distribution function have two types of approximation errors. The first ap-
proximation error is from (4.18) since the integral is taken over a subset [a, b] of the real line, and the
second approximation error comes from (4.22) where only the first K terms of the infinite series is calcu-
lated. We determined K = 5000, b = 1 and a = −b by checking if the distribution function matches the
empirical distribution of a couple samples. However, one could determine K and b by solving

min
K∈N, b>0

∫
|F̂X, K(x)− F̃X ,N (x)|dx , (4.42)

where F̃X ,N (x) is the empirical distribution function. Then, given a sample, the COS-recovered distribu-
tion function will be fit per sample. This would make sure that each COS-recovery would be tailored to
the sample, but it does increase the computation time.

Another approximation error in this application is the scaling from annual to daily returns. In (4.35),
we scale the term R∗(1+ R+) by the time step. However, this limits the portfolio evaluation in two ways.
First we discuss the effect of a heavy left tail. On one day, we can earn the target return of R∗(1+ R+)∆t,
but lose more than twice the target return on another day. On daily evaluation, this leads to one success
event and one non-success event. However, two non-success events of earning 1

2 R ∗ (1+ R+)∆t can get
you closer to the target R∗ (1+R+) on annual bases. The same argument holds for a heavy right tail. This
causes the model to be greedy for short-term returns.

We analysed the methods on synthetic data which allows us to calculate the highly accurate exceeding
probability since we know the characteristic function. However, there is no guarantee that the results of
this research can directly be applied as a real-world trading strategy. The method is applicable to real
world data, but careful analysis on the jump size and activity should be done in advance.

Lastly, the parameters for the JDP and VGP samples have been sampled once from a distribution per
asset. Sampling from such distributions allows for independent selection of the parameters and the result
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Figure 4.4: The distributions of 9 different assets from 3 perspectives for both the JDP (top) and VGP
(bottom) processes. Left: the left tail on a symmetric log plot. Middle: the densities of the 9 assets.
Right: the right tail on a loglog plot.

outcome. However, the resulting assets could lead to implausible relationships between assets. There are
two different ways to select the parameters. One is by designing the assets such that they would match
a class of assets similar to those in the real world, ranging from conservative to speculative. The other
way is by selecting certain assets from the real world and matching the parameters from option implied
volatility curves, as described in Oosterlee and Grzelak [19]. Both methods would have the benefit that
the assets would better reflect the real world and would be less likely to lead to arbitrage opportunities
if done correctly.

4.4 Results
First of all, we recovered the distribution function of the assets. In Figure 4.4, we can see two sets of
distributions, the top for JDP and the bottom for VGP. By design, the assets have drift ranging from −1
to 1 in equal steps. The other parameters can be found in Table 4.1.

The first thing we can note from Figure 4.4 is that the distributions for JDP are similar in shape up to
a difference in variance. The magnitude of the tail probabilities of the stocks are roughly in order of µ.
This is in contrast with the distributions of VGP where the distributions vary a lot more in skewness and
tails. For example, the distributions of stocks 4 and 5 are much wider than the distribution of stocks 1
and 6. Furthermore, stocks 1 and 5 are right-skewed, while the others are more or less symmetric.

Table 4.1: The parameters for each asset visualised in Figure 4.4

JDP VGP
stocks µ σ pK µP η1 η2 σ θ β

1 -1 0.227 0.424 1.166 7.520 3.804 0.133 0.184 0.572
2 -0.75 0.245 0.491 1.479 7.112 8.045 0.382 0.092 0.541
3 -0.5 0.196 0.432 1.443 7.733 6.849 0.473 -0.002 0.699
4 -0.25 0.193 0.704 1.727 8.338 8.453 0.478 0.025 0.524
5 0 0.180 0.464 2.621 6.189 9.763 0.628 0.125 0.519
6 0.25 0.178 0.473 1.120 7.285 5.309 0.138 0.090 0.557
7 0.5 0.195 0.706 1.899 5.618 7.842 0.269 0.072 0.591
8 0.75 0.247 0.705 2.626 10.199 7.050 0.268 0.090 0.546
9 1 0.095 0.622 1.528 6.429 6.975 0.201 0.069 0.535
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Figure 4.5: The average exceeding probability and log-return of 100,000 simulations for the JDP assets.
The top of the error bars are the mean absolute deviation to the mean probability/return.

In Figure 4.5, we can see the results for the JDP assets. For all values of R∗, SAA and KL outperform
Wasserstein on the exceeding probability. Considering the margins, there is little difference between the
exceeding probability of SAA and KL. For the returns, again SAA and KL are similar, except for R∗ = 0.9
where KL had a higher average return. Taking the margin into account, Wasserstein has a lower average
return for R∗ = 0.3, but not much else can be concluded since the error bars are overlapping.

In Figure 4.6, we can see that KL has a better exceeding probability than Wasserstein by a slight margin.
Furthermore, we see that KL has a higher or equal average exceeding probability than SAA and that
Wasserstein has a lower or equal average exceeding probability than SAA. Regarding the average returns,
we see a great variation for the lower R∗ values. KL has a greater or equal average return than the other
strategies, where again SAA is in betweenKL andWasserstein. The average returns are equal for R∗ ≥ 0.9.
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Figure 4.6: The average exceeding probability and log-return of 100,000 simulations for the VGP assets.
The error bars are constructed in the same way as Figure 4.5.
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An interesting phenomenon is the similarity between SAA and KL. In Figure 4.7 we can see the weights
for the assets generated by JDP and VGP. For each of these figures, we can see the weights of the assets as
R∗ increases. For all strategies, we can see a pattern where there is interest in stock 9 for low values of R∗.
For JDP, the weights shift to stock 6, 7 and 8 as R∗ increases. For VGP, the weights become more uniform
with the highest weight to the risk-free asset. Interestingly, both SAA and KL show fractional interest in
stock 1 and 2 even though they have, on average, negative returns and heavy left tails.

We can see that the Wasserstein weights stay below 0.3 and 0.45 for JDP and VGP respectively. When
KL puts 100% of the resources in stock 9, Wasserstein only commits 42%. Wasserstein has, just like SAA
and KL, higher weights for stock 9 for R∗ = 0.3 and 0.6 and then the weights for stocks 6, 7 and 8 start to
increase for JDP and for the risk-free for VGP. Even though this pattern is similar, we see clearly that the
highest stock weight is dampened. This dampening can be partially explained by the ‖x‖∞ term in the
Wasserstein dual since it penalises the highest weights of all assets.
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Figure 4.7: Average stock weights of the JDP assets (top) and VGP assets (bottom)

4.5 Conclusion
In this chapter, we approached the portfolio selection problem in a novel way. Instead of optimising the
returns, we were optimising for the probability that we would achieve a return greater than the risk-free
rate by margin R+.

Since the decision variable determined the distribution of the yearly return, we replaced the empirical
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distribution with the density approximated with the COS-method and the empirical characteristic func-
tion. This way, we avoided writing our optimisation problem as an integer program while still keeping
the approach data-driven.

We found that the SAAandKLDROwere bettermethods to determine the portfolioweights thanWasser-
stein when the assets are generated from JDP and VGP. When investigating the portfolio weights, we
found that the Wasserstein DRO had similar patterns as SAA and KL, but the weights are dampened
because of the penalty term in the dual.

Furthermore, for both JDP and VGP, we found that KL had both higher or equal exceeding probabilities
and returns than SAA. This means that, even though the performance of the two methods is similar, KL
gives a higher probability of exceeding the R∗ risk-free rate by at least R+%.
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Chapter 5

Conclusions and recommendations

In this research, we show for three different applications how KL DRO and Wasserstein DRO compare
to each other and to other (robust) strategies. We were mostly interested in the performance for these
two methods and how the two arguments, optimality for KL versus support expansion for Wasserstein,
translate in practical applications. In the remainder of this conclusion, we discuss what we have learned
from the literature and from the three applications. We close this chapter with further recommendations
for research.

5.1 Conclusions
From the literature, we have learned that DRO is a general method where a worst-case distribution is
used to evaluate the expected loss function. This worst-case distribution is chosen from an ambiguity
set, which is defined based on a similarity score between two probability measures. We have focused on
the Wasserstein, Kullback-Leibler and also Holistic Robust similarity scores where each of the scores has
its own advantages anddisadvantages. Allmethods are tractable through their strong dual formulations,
and the expected loss functions under their worst-case distributions do not disappoint if the unknown
measure P is in the ambiguity set.

Specifically, theWasserstein distance is able to expand the ambiguity set by not only increasing the radius,
but also by expanding the support of the reference distribution. A common understanding in the litera-
ture is that KL does not share this property. However, depending on the direction of KL, it is possible to
put probability mass outside the support of P̂N . This direction is also proven to be the least conservative
under the condition of an exponentially decaying disappointment probability. This statistical guarantee
is without the assumption of light-tailed distributions that are used in the analysis for Wasserstein DRO.

The KL method has optimal statistical guarantees for sampling errors, but the sample can also contain
noise and contamination. By using the Lévy-Prokhorov metric, the decision-maker can also protect
against noise and contamination. Combining Lévy-Prokhorov andKL gives youHRDROwhich protects
against all three errors.

If we look at the first application, then there is a clear outcome. Wasserstein DRO does not benefit from
expanding the support and overestimates the mean frequently. KL DRO does rarely overestimate the
mean, even less than the theoretical bound suggested. In this case where we only have sampling error,
KL DRO does not overestimate, unlike Wasserstein, and is less conservative than other robust mean
estimators.

In the second application, we can see that Wasserstein works well and is more profitable than the SAA
strategy. During the four years, KL and HR are less profitable than SAA and Wasserstein but protect
better against the up-regulation price shocks. Note that, the fact that KL and HR are less profitable does
not indicate that KL and HR estimate the loss too conservatively. Besides the expected loss, the profit
also depends on the final nomination x∗.

In the last application, we see that KL has a higher exceeding probability than Wasserstein. This was to
be expected since the data was synthetic, which means there was only sampling errors and no noise or
misspecification. Furthermore, KL DRO had the advantage that the portfolio weights were not penalised
proportional to the highest weight, whichwas the case forWasserstein. TheWasserstein weights showed
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a similar weight pattern but were dampened as a consequence of the regularisation term proportional to
the maximum of the weights. This property is undesirable in the context of portfolio selection.

In the case where we only have sampling errors, as seen in the mean estimation and portfolio selection
application, we can see that KL gave better results than Wasserstein and other methods. In the case of
wind power nomination, we can see that the KL DRO is less profitable than SAA and Wasserstein in
normal operating conditions. For middle robust configuration, this was less the case for HR DRO. This
suggests that the data not only contains sampling error but also has added noise. This shows thatWasser-
stein can be valuable if there is a reason to believe that the data contains noise, however other methods
like HR DRO exist that also take this noise into account. Nevertheless, KL DRO has demonstrated that it
protects against black swans efficiently.

5.2 Future research
In each chapter, we have recommended several directions for future research for that application specif-
ically. Here, we want to conclude with some more general recommendations.

First of all, for any application, it is recommended to test whether the loss function or scenario random
variable follows a heavy-tailed distribution. For example, we can test if a variable is regularly varying
using a Hill estimator. In this research, we did not test for heavy-tailed distributions in the mean esti-
mation and portfolio selection applications, as the data we created came from heavy-tailed distributions.
The data of the wind power nomination application had outliers, but we did not test for heavy tails our-
selves. However, in Aolaritei et al. [5], a power-law behaviour was argued, albeit not with conventional
methods as described in Nair et al. [14] and Embrechts et al. [15].

Furthermore, in the second and third applications, we chose to use a different reference distribution
than the empirical distribution even though this measure was used to prove that KL DRO is optimal. In
future research, it would be interesting to analyse the difference in results if we had used the empirical
distribution (when possible).

Lastly, all our applications have used continuous probability distributions. This causes a discrepancy
between the nature of the underlying distribution and the empirical distribution, which is always dis-
crete. An interesting application would be an application with a discrete heavy-tailed distribution, for
example, in network science or epidemiology [25].
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Appendix A

Derivations from Chapter 2

A.1 Derivation of Wasserstein dual
Both the derivation of the Wasserstein dual and the KL dual were inspired by Sun and Conejo [11]
(section 4.2.2.4 and section 4.2.3.3).

We define the optimal transport program as

min
π

N∑
i=1

N∑
j=1

ci jπi j , (OT 1)

s.t.
N∑

j=1

πi j = p̂i ∀i ∈ [N], (OT 2)

N∑
i=1

πi j = q j ∀ j ∈ [N], (OT 3)

πi j ≥ 0 ∀i, j ∈ [N]. (OT 4)

In the case of estimation, we take ci j := |ζ̃i − ζ̃ j | where ζ̃i is the i-th observation. We interpret Q =
{q1, ..., qN} as the adversary probability distribution and P̂N = {p̂1, ..., p̂N} as the empirical probability
distribution.

The Wasserstein mean estimator is defined as

êW
N ,r =

(
min
Q∈P

∑N
j=1 q j ζ̃ j ,

s.t. W1(Q, P̂)≤ ϵ. (A.1)

Here, P is the collection of probability measures with N points with positive probability mass.

By taking the Lagrange dual, we find

êW
N ,ϵ =max

α≥0
min
Q

(
N∑

j=1

q j ζ̃ j −αϵ +αW1(Q, P̂)

)
(A.2)

=max
α≥0

(
−αϵ +min

Q

(
αW1(Q, P̂) +

N∑
j=1

q j ζ̃ j

))
(A.3)

=max
α≥0

(
−αϵ + min

Q,π∈Π

(
N∑

i=1

N∑
j=1

α|ζ̃i − ζ̃ j |πi j +
N∑

j=1

q j ζ̃ j

))
(A.4)

where Π = {π : (OT 2), (OT 3), (OT 4)}. Now by (OT 3), we substitute q j to get

=max
α≥0

(
−αϵ +min

π∈Π∗

(
N∑

i=1

N∑
j=1

(α|ζ̃i − ζ̃ j |+ ζ̃ j)πi j

))
(A.5)
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where Π∗ = {π : (OT 2), (OT 4)}. Now we focus on the inner minimum and again take the Lagrange
dual

g(α) =


min
π≥0

N∑
i=1

N∑
j=1
(α|ζ̃i − ζ̃ j |+ ζ̃ j)πi j ,

s.t.
N∑

j=1
πi j = p̂i ∀i ∈ [N]

(A.6)

= max
µ∈RN

min
π≥0

(
N∑

i=1

N∑
j=1

(α|ζ̃i − ζ̃ j |+ ζ̃ j)πi j +
N∑

i=1

 
p̂i −

N∑
j=1

πi j

!
µi

)
(A.7)

= max
µ∈RN

(
N∑

i=1

p̂iµi +min
π≥0

N∑
i=1

N∑
j=1

(α|ζ̃i − ζ̃ j |+ ζ̃ j −µi)πi j

)
. (A.8)

In order to maximise this w.r.t. µ, we need the second term to be nonnegative. This can be achieved by
requiring α|ζ̃i − ζ̃ j |+ ζ̃ j −µi to be nonnegative. This will result in the second term being equal to 0 if we
want to minimise that term w.r.t. π.

=

(
max
µ∈RN

∑N
i=1 p̂iµi ,

s.t. α|ζ̃i − ζ̃ j |+ ζ̃ j −µi ≥ 0 ∀i, j ∈ [N] (A.9)

=

(
max
µ∈RN

∑N
i=1 p̂iµi ,

s.t. α|ζ̃i − ζ̃ j |+ ζ̃ j ≥ µi ∀i, j ∈ [N] (A.10)

=

max
µ∈RN

∑N
i=1 p̂iµi ,

s.t. min
j∈[N]α|ζ̃i − ζ̃ j |+ ζ̃ j ≥ µi ∀i ∈ [N] (A.11)

=
N∑

i=1

p̂i min
j∈[N]{α|ζ̃i − ζ̃ j |+ ζ̃ j} (A.12)

Then combine this with (2.15) to get the estimator

êW
N ,ϵ =max

α≥0

¨
−αϵ +

N∑
i=1

p̂i min
j∈[N]{ζ̃ j +α|ζ̃i − ζ̃ j |}

«
. (A.13)

A.2 Derivation closed formWasserstein estimator
We assume r <

∑N
i=1 p̂i ζ̃i . Write the Wasserstein estimator from (A.13) as

êW
N ,ϵ =max

α≥0

¨
−αϵ +

N∑
i=1

p̂imi

«
(A.14)

with mi =min j{α|ζ̃i − ζ̃ j |+ ζ̃ j} for all i ∈ [N]. Now take ∆i j = ζ̃ j − ζ̃i to get

mi =min
∆i j

{α|∆i j |+∆i j + ζ̃i} (A.15)

=min
∆i j

{α|∆i j |+∆i j}+ ζ̃i (A.16)

= α|∆∗i |+∆∗i + ζ̃i , (A.17)

with ∆∗i the optimal ∆i j .
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In order to find ∆∗i , we analyse the function f (x) = α|x |+ x . Note that f is piecewise affine in x with a
breakpoint at 0 and its behaviour depends on three cases α= 1, α < 1 and α > 1.

Case α= 1: we can rewrite f (x) = 2(x)+ = 2max{0, x} with a minimum of 0 attained for all x ≤ 0.
Case α < 1: we can rewrite the function as f (x) = (1+ α)x 1{x > 0}+ (1− α)x 1{x ≤ 0}. Now suppose
A⊆R is bounded, then by monotonicity of f ,

inf
z∈A

f (z) = f (inf A). (A.18)

Case α > 1: using f (x) = (1+α)x 1{x > 0} − (1−α)x 1{x ≤ 0}, now f attains a minimum of 0 at x = 0.

With these insights, we know that∆∗i = 0 when α≥ 1. We know∆∗i attains 0 since∆∗i =∆ii = ζ̃i− ζ̃i = 0.
For α < 1, we have that the set {ζ̃1− ζ̃i , ..., ζ̃N − ζ̃i} is bounded. If we fix ζ̃i , we can even change this set by
the Wasserstein Relaxation where we consider the entire support of ζ, [0,∞), to get the set [0− ζ̃i ,∞).
Therefore we have ∆∗i =min[−ζ̃i ,∞) = −ζ̃i .

We can now rewrite the function maximised in (A.13). We write

g(α) = αϵ −
N∑

i=1

p̂imi , (A.19)

such that êW
N ,ϵ =maxα≥0−g(α) = −minα≥0 g(α). Then by (A.17),

g(α) = αϵ −
N∑

i=1

p̂i ζ̃i −
N∑

i=1

p̂i(α|∆∗i |+∆∗i ) (A.20)

= αϵ −
N∑

i=1

p̂i ζ̃i −1{α < 1}
�

N∑
i=1

p̂iα| − ζ̃i | −
N∑

i=1

p̂i ζ̃i

�
(A.21)

= αϵ −
N∑

i=1

p̂i ζ̃i −1{α < 1}
�
(α− 1)

N∑
i=1

p̂i ζ̃i

�
. (A.22)

Nowwewant to minimise g(α). We split up in two cases α ∈ [0,1) and α≥ 1 and analyse inf g(α) in both
cases.

Case α ∈ [0,1): now we have

g(α) = αϵ −α
N∑

i=1

p̂i ζ̃i , (A.23)

which is affine in α. The slope of g(α) is negative if ϵ <
∑N

i=1 p̂i ζ̃i and we have a positive slope otherwise.
By assumption, we have ϵ <

∑N
i=1 p̂i ζ̃i and therefore a negative slope. This means that infα∈[0,1) g(α) is

approached as α ↑ 1.

Case α≥ 1: now

g(α) = αϵ −
N∑

i=1

p̂i ζ̃i (A.24)

and infα≥1 g(α) is attained at α= 1, as ϵ > 0.

If we combine the two cases, we have a global optimiser α∗ = 1. This means êW
N ,ϵ = −g(1) =

∑N
i=1 p̂i ζ̃i − ϵ.
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A.3 Derivation KL dual
The KL DRO estimator is defined as

êK L
N ,ϵ =


min

q∈[0,1]N

∑N
i=1 qi ζ̃i ,

s.t.
∑N

i=1 log
�

p̂i
qi

�
p̂i ≤ ϵ,∑N

i=1 qi = 1.

(A.25)

Then by taking the Lagrange dual, we find

êK L
N ,ϵ = max

α≥0,ν∈R min
q∈[0,1]N

¨
N∑

i=1

qi ζ̃i +α

�
N∑

i=1

log
�

p̂i

qi

�
p̂i − ϵ

�
+ ν

�
N∑

i=1

qi − 1

�«
(A.26)

= max
α≥0,ν∈R

¨
−αϵ − ν+ min

q∈[0,1]N

N∑
i=1

qi(ζ̃i + ν) +αp̂i (log p̂i − log qi)

«
(A.27)

Since there are no restrictions on each element of q any more, it suffices to minimise g(qi) = qi(ζ̃i + ν) +
αp̂i (log p̂i − log qi) for each i ∈ [N]. Let i ∈ [N] and define q = qi , p̂ = p̂i , c = ζ̃i + ν. Then

g ′(q) = c −α p̂
q
= 0, (A.28)

q∗ = αp̂
c

. (A.29)

This is a minimiser since g ′′(q) = αp̂/q2 > 0. Plugging this back into g gives

g(q∗i ) = αp̂i +αp̂i

�
log p̂i −

�
log p̂i + log

α

ζ̃i + ν

��
. (A.30)

Using this result in the Lagrangian, and using
∑N

i=1 p̂i = 1, gives

êK L
N ,ϵ =max

¨
−α(ϵ − 1)− ν−

N∑
i=1

αp̂i log
α

ζ̃i + ν
: α≥ 0,ν > −min

i∈[N] ζ̃i

«
(A.31)

= −min

¨
α(ϵ − 1) + ν+

N∑
i=1

αp̂i log
α

ζ̃i + ν
: α≥ 0,ν > −min

i∈[N] ζ̃i

«
(A.32)

Finally, note that the program in (A.25) is convex since the KL divergence is convex and the remaining
statement is affine. Since choosing qi = p̂i for all i ∈ [N] is feasible and KL(P̂N ,Q) − ϵ = 0 − ϵ < 0, we
satisfy Slater’s condition under the assumption ϵ > 0. Therefore, we have strong duality.
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Derivations from Chapter 4

B.1 Derivation of Wasserstein dual
We continue from (A.13) where we substitute the reward function of the portfolio problem r(x ,ξ) =
1{x>ξ≥ t}

max
λ≥0

¨
−λϵ +

N∑
i=1

p̂i min
j∈[N]

�
1{x>ξ̃ j ≥ t}+λ‖ξ̃ j − ξ̃i‖1

	«
(B.1)

Just like the closed form calculations, fix i ∈ [N] and take

mi =min
j

1{x>ξ̃ j ≥ t}+λ‖ξ̃ j − ξ̃i‖1, (B.2)

=min
∆i j

1{x>(ξ̃i +∆i j)≥ t}+λ‖∆i j‖1, (B.3)

=min
∆i j

r j − ri + ri +λ‖∆i j‖1, (B.4)

where ri = 1{x>ξ̃i ≥ t} = 1{x>(ξ̃ j −∆i j) ≥ t}. Now call ∆ri j = r j − ri as the difference between the
indicators. Now assume that ∆′j is a candidate for the minimiser of (B.4). Then we have to condition on
∆ri j ∈ {0,1,−1}.
Case 1 ∆ri j = 0: Then ri = r j . Now we have to find a ∆i j that also fits this condition has ‖∆i j‖1 < ‖∆′j‖1.
Clearly ∆i j = 0 fits as ξ̃i = ξ̃ j satisfies ri = r j , and norms are always nonnegative. Therefore ∆∗i = 0.

Case 2 ∆ri j = 1: Then ri = 0 and r j = 1. In that case, mi ≥ 1 and any choice of ∆i j will lead to a greater
value than the candidate of Case 1. Therefore, choose j∗ = i such that we have minimizer ∆∗i = 0.

Case 3 ∆ri j = −1: Then ri = 1 and r j = 0. This is the important case as we now cannot simply choose a
j such that ∆i j = 0, since there might exist a j such that r j = 0 and λ‖∆i j‖1 < 1. So in this case, we have
mi =min

�
1,λmin j{‖∆i j‖1 : x>(ξ̃i +∆i j)< t}	.

We use the Wasserstein relaxation to approach this problem with a (continuous) linear program where
ξ̃i stays fixed

λ inf
∆
‖∆‖1

s.t. x>(ξ̃i +∆)< t.
(B.5)

The smallest value of ‖∆‖1 in the feasible region is on the boundary x>(ξ̃i + ∆) = t. By solving LP
min∆{∑k∆k :

∑
k xk∆k = t − x>ξ̃i}, we want ∆k = 0 for all k except where xk∗ = maxl x l since this

has the steepest slope to t − x>ξ̃i . Then by the boundary, we have ∆k∗ = (t − x>ξ̃i)/xk∗ . Then the
‖∆‖1 = (x>ξ̃i − t)/‖x‖∞ since we assumed ri = 1.

Combining these cases, we have

mi =

¨
min

¦
1,λ x>ξ̃i−t

‖x‖∞
©

if ri = 1

0 if ri = 0.
(B.6)
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Figure B.1: Example of how h(λ) could look like. In this figure, bi are the breakpoints for the piecewise
affine function.

We can substitute this back into the original dual to get

max
λ≥0

¨
−λϵ +

N∑
i=1

p̂i min

�
1,λ

x>ξ̃i − t
‖x‖∞

�
1{x>ξ̃i ≥ t}

«
=max
λ≥0

h(λ). (B.7)

This function h has slope

h′(λ) = −ϵ +
N∑

i=1

p̂i
x>ξ̃i − t
‖x‖∞ 1

�
0≤ λ x>ξ̃i − t

‖x‖∞ ≤ 1

�
. (B.8)

Nowwe assume that h′(0)> 0. In that case, all indicator terms are 1 and the full sum is greater than ϵ. As
λ increases, more summands in the derivative will be 0 and the derivative will decrease. An example of
how h(λ) could look like is shown in Figure B.1. We can see that the function starts linear as x 7→min{1, x}
does not have any effect yet. Once terms get substituted by 1, the derivative will start to decrease and the
−λϵ term will take over. Then there will be a point i ∈ [N] such that h′

� ‖x‖∞
x>ξ̃i−t

� ≥ 0 and h′
� ‖x‖∞

x>ξ̃i+1−t

�
< 0.

Take i∗ = i and optimiser λ∗ = ‖x‖∞
x>ξ̃i−t

. Note that λ∗ indeed optimises since it is the largest value with

λ∗ x>ξ̃i∗−t
‖x‖∞ = 1 and still having positive derivative.

Statement of AI use: For this derivation, mostly the strategy of Blanchet et al. [26] was used. However,
since they use W2, the proof went in a different direction. I used Claude Sonnet 4.6 to solve the relaxed
minimisation problem for ∆ and the maximisation of h(λ). Claude recognised that the minimisation
problem is equivalent to finding the distance to the closest point on a hyperplane and from there I could
continue. For the maximisation of h, Claude recognised that the terms in the sum of the derivative were
set to 0 and that h′ should approach 0.

B.2 Derivation of KL dual
The primal program is defined as

max
x

min
P̂N�Q

Q
�
x>ξ≥ t

�
s.t. DKL(P̂N ,Q)≤ ϵ,

(B.9)

where we use t = R∗(1+ R+) to save notation. Note that we can rewrite the tail probability as Q(x>ξ ≥
t) = EQ [r(x ,ξ)]where the reward r(x ,ξ) = 1{x>ξ≥ t}. We can also rewrite the KL-divergence in terms
of the densities q and p if we assume absolute continuity of the measures Q and P̂N

DKL(P̂N ,Q) =

∫
log

�
p̂(z)
q(z)

�
p̂(z)dz, (B.10)
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This gives us the Lagrangian

max
λ>0,µ

min
q

�
−λϵ +λ

�∫
p̂(z) log p̂(z)dz −

∫
p̂(z) log q(z)dz

�
+

∫
r(x , z)q(z)dz +µ

�∫
q(z)dz − 1

��
, (B.11)

where the last term is added to enforce
∫

q(z)dz = 1. Rearranging terms gives us

max
λ>0,µ
−λϵ −µ+λ

∫
p̂(z) log p̂(z)dz +min

q

∫ �
r(x , z) +µ−λ p̂(z)

q(z)
log q(z)

�
q(z)dz (B.12)

Since the inner integrand depending on q is convex, we will optimise this part pointwise. We assume
µ > 0 and q(z) > 0 for all z ∈ Ξ. We omit the inputs of the functions to save notation and write the inner
integrand as

h(q) =
�

r +µ−λ p̂
q

log(q)
�

q = (r +µ)q−λp̂ log q, (B.13)

which will differentiate and solve for q. This results in

h′(q) = r +µ−λ p̂
q
= 0, (B.14)

−λp̂ = −q(r +µ), (B.15)

q∗ = λp̂
r +µ

. (B.16)

Plugging in the optimal solution gives

h(q∗) = λp̂− p̂λ log
�
λp̂

r +µ

�
. (B.17)

If we use h(q∗) in the Lagrangian, we can cancel out some terms such that

max
λ≥0,µ>0

−λϵ −µ+
∫
λp̂(z) log p̂(z)dz

+

∫ �
λp̂(z)−λp̂(z) log (p̂(z))−λp̂(z) log

�
λ

µ+ r(x , z)

��
dz

(B.18)

= max
λ≥0,µ>0

−λϵ −µ+λ−λ
∫

p̂(z) log
�

λ

µ+ r(x , z)

�
dz. (B.19)

Now we simplify and take the minus out to change the dual to a minimisation problem. This leaves us
with the generic dual problem

− min
λ≥0,µ>0

λ(ϵ − 1) +µ+λ

∫
p̂(z) log

�
λ

µ+ r(x , z)

�
dz. (B.20)

Now we can simplify further by substituting our reward function, which gives us our final dual

− min
λ≥0,µ>0

λ(ϵ − 1) +µ+λEP̂N

�
log

�
λ

µ+1{x T z ≥ t}
��

(B.21)

=− min
λ≥0,µ>0

λ(ϵ − 1) +µ+λ
�

log
�
λ

µ+ 1

�
P̂N (x

Tξ≥ t) + log
�
λ

µ

�
P̂N (x

Tξ≤ t)
�

(B.22)

=− min
λ≥0,µ>0

λ(ϵ − 1) +µ+λ
�
logλ− log(µ+ 1)(1− F̂(t))− log(µ) F̂(t)

�
, (B.23)

which is the same bound as (4.34).
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Appendix C

Statement of AI use

Besides the mentioned use of AI in the report for Figure 1.1 and parts of the proof in Appendix B, LLMs
like ChatGPT Pro and Claude Opus 4.8 were used to check the ’almost-final’ report for spelling/gram-
mar mistakes, mathematical correctness, and overall presentation. The author critically assessed the
suggested improvements before implementing them.
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